Google 



This is a digital copy of a book that was preserved for generations on Hbrary shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http : //books . google . com/| 



KafA S"-".'^. -ri 



HARVARD COLLEGE 




SCIENCE CENTER 
LIBRARY 




r 1 

» 

r 









i*: 



i 















^ '■^-. '■ • V, 



.f- » 



> . 



Y 



Y » 



< 4 • 



\ 









.* . 



, »! 





I 

1 



x 



• 



•I 



A TREATISE 



oa 



^JRIGONOMETRY^/ 



AVD 0« 



TRIGONOMETRICAL TABLES 



AMD 



LOGARITHMS, 



TOOXTHEB Win 



A SELECTION OF PROBLEMS AND THEIR SOLUTIONa 



By J. gYMERS^ B.D. _ 

FBLLOW AND TVTOS OF ST XOBH's OOLLCGK, CAMBIIDOB. 



SECOND EDITION, ALTERED AND ENLARGED. 



OAMBBIDGE : 

FRIVTED AT THE VNirSRUTY PUBM^ 

FOR J. & J. J. DEIOHTON, AND T. STEVENSON, GAMBRIDOEi 

J. O. ft F. RIVINOTON, LONDON. 

X.DOCC.XI.T. \ 



M^+ia zoi2.4i 




UNi'-'EPS'TV 

LiBPAr.v 






I. II ■■««■• 



r««v^»> 



I >ii>a»i»»ii I afc»,^^jLM^>i^»iM>lw^^^B,^^^ 



• • 



JIaL Soi^.4 




/ 

t 



. t 






4 . • 



• 



PLANE TRIGONOMETRY. 



C0N1^ENT& 



SECTION I. 

THBORT OP .TRIGONOMETRICAL RATIOS. 

1—0. Object of Trigonometiy. Methods of represenUng niii)i6- 

rically the magnitadei of lines and angles. 1 

10^15. Definitions of the Trigonometrical Ratios. 6 

16 — ^19. Relations of the Trigonometrical Ratios to one another... 8 
20—24. Use of the signs 4- and - to indicate contrariety of positioii 11 
25 — 30. Magnitudes of angles unlimited. Method of reducing the 
Trigonometrical Ratios of all angles to tbpse of angles 

less than a right angle 15 

31— S4. On the angles which oorrespond to given Talues of the 

ane, ooaane, &e. 20 



SECTION II. 

. FQRJCUIJB niTOLVIKO TBV TRIOOKOMETRICAL RATIOS OP TWO 

OR XQRR AXOLES. 

35—37- Formula for finding the sine and cosine of the sum and 

difference of two angles.... ^ • 

38 — 30. Formulae for the multiplication of angles 25 

40 44* Formule for the dirinon of angles .'. 27 

45—49. Formubs relatiye to tangents... .% $1 

50—^7* Formultt used in Astronomy i 

\ 



^  t >^i » M ^. 1 ma r t i , i ,>. -.^-«^ ------,- -m^^^,.^ ^, 



'  I wiiufcj nm  



VI OONTBNTl 

SECTION ^ III. 
^ oir Tm ooNSTRvcnoif op tbioonombtrioal tablbi. 

Aitkl* 

CS — 09. Natunl noes and oodncs for ereiy ten seconds of the 

qnadiant 37 

70 — 74. Direct calculation of the sines and cosines of certain 

angles for the yerification of the Tahles 42 

75— -88. Logarithmic Tables of sines, cosines, ftc ' 45 

m 

SECTION IV. 

SOLUTION OP TBIANOLBL 

8fr— Oft. Relations among the sides and angles of a tiian^ 55 

00—101. Solution of nght-angled triangles ^ 58 

102—115. Solution of oblique-angled triangles 00 

110 — 120l Method of determining heists and distances 07 

121 — 120. Instruments used in Surveying. 08 

127 — ^120. Area of a triangle, quadrilateral, and regular polygon. 

Radii of thdr inscribed and circumscribed circles... 73 



SECTION V. 

ON DBMOITB^S TUBOBBSI, AND ON THB BXFONBNTIAL BJgBB S PO N l 
V0R THB 8INB AND OOSINB OP AN ANOLB. 

100—131. Demohfn*9 Theorem...... 77 

132 — ^138. FormulflD for expressing the ane and cosine of the 

sum of any aogles, or of a multiple angle, in terms 

of the sines and cosines of the simple angles 80 

1&— 140l Foimulss for expressing the poweis of the rina or 

cosine of an angle in terms of thesines or cosines 

of its multiples 80 

141 — ^143. Invene Trigonometrical Functions of an angle............ 80 

144—140, Exponential expressions for the sine and cosine of an 

angle, and their consequences 01 

150—150. Instances of the utili^ of Trigonometrichi Fonnubs... Oi 



*< 



^ • w* 



"N. 



CONTRNTH. VH 



APPENDIX. 

ON LOOABITBia. 
Aitick P»fe 

1^12. Theory of Logarithms dO- 

13 — 18. Properties of Logarithms to base 10 103 

19—21^ Mode of using Tables of Logarithms lOJT 

25 — 34. Exponential and Logarithmic Series 114 

36. Series for Logarithmic Sines and Codnes 121 

Problems 123 



Students reading this work for the first time may confine their atten- 
tion to the following Articles, and omit the parts whidi are printed in a 
smaller type: 

1—27; 36-^; Appendix 1—18; 7«; 89—119; 127; 129. 



ERRATA. 



Urn M 

25 Sftoinlwt. fonrniU fonnnla 

3f 4  erefoie thcrefttc 

79 ft .._^ being r bdng 

1st IS •^ /a{ .^{ 

146 ISflrombot. {JT %Jt 



\ 



^ 



TRIGONOMETRY* 



SECTION I. 

THEORY OF TRIOONOHETRICAL rXTIOS. 

Object of TnigODometiy^— Methods of lepiesentiiig inimerieaUy the magni- 

tades of lines and ao^^ 

• 

1. Iif any plane triangle there are six parts to be conn* 
dered, three angles^ and three sides. In order to find all the 
rest, it is in general sufficient to know three of them, but one 
of the three must be a side ; because with three ^ven angles 
(provided their sum be equal to two right angles) we can form 
an infinite number of triangles, which are not equal, but onlj 
similar to one another. Geometry furnishes simple construc- 
tions for each of the cases in which we can determine a triangle 
by means of some of its parts ; but these constructions, on ac- 
count of the imperfection of the instruments employed, g^ve 
only a rough and often insufficient approximation. Mathemap 
tidans have therefore sought to substitute for them numerical 
calculations, which always attain the required degree of ex- 
actness.- 

The special object of Trigonometry is to give methods for 
calculating all the parts of a triangle when thcire are sufficient 
data ; this is what is called solving a triangle. But in its pre- 
sent enlarged sense. Trigonometry treats of the prindples by 
which angular magnitudes may be estimated, and numerically 
connected with one another, and with other magnitudes ; and 
shews how to perform measurements generally, by means of 
the relations of the sides and angles of rectilinear figures. 

2. To represent the magnitudes of the sides of a triangle, 
or of any lines, we refer them to the common unit of length, a 
foot for instance ; and when we represent any line by a general 
symbol a, we use an abbreviated mode of writing a x l^ ; for a 
in reality expresses the ratio which the length of the line bears 
to the assumed unit of length. 

1 \ 
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3. We represent the magnitudes of angles by numbers 
expressing how many times they contain a certain angle fixed 
upon as the unit of angukr measure. For this purpose we 
divide a right angle into 90 equal parts called degrees, each 
degree into 60 equal parts called minutes, each minute into 60 
equal parts called seconds ; then an angle is expressed by the 
number of degrees, minutes, seconds, and decimal parts of a 
second, which it contains. 

Degrees, minutes, and seconds are marked by the symbols 
*, ', ''; thus, to represent 14 d^ees, 9 minutes, 57,4 seconds, 
we write 14^9'-S7^>*. 

4. Another division of the right angle has sometimes been 
employed, with a view of assimilating the measures of angles 
to the decimal notation. In this system the right angle is 
divided into 100 equal parts called grades, the grade into 100 
minutes, the minute into 100 seconds, and so on; and since a 
minute and second, expressed by decimal parts of a grade, are 
respectively *01 and '0001, an angle expressed in grades, minutes, 
and seconds, will be represented by the same figures when ex- 
pressed in grades and decimal parts of a grade; thus 14^.9'. 57^ 
becomes 14 + 9 x *01 -1- 37 x '0001 » 14-Q9d7» and expressed in 
decimal parts of a right angle, it is *140987* 

But notwithstanding this advantage of the centesimal 
division of the right angle, viz. that an angle given in grades, 
minutes, &c can be expressed decimally by inspection, and 
conversely — whereas, in the sexagesimal division, to effSect 
the same reductions, arithmetical processes are required — the 
latter division is generally adopted. 

5. We shall however here shew how common d^rees may be 
converted into grades^ and:«tce vertd. 

Let g represent the magnitude of an angle of H, and d that 
of an angle of 1% and let G, D, be respectivdy the number of 
grades and degrees contained in any angle; then 



« • 



G.^D-D+lA«dD.;^G.G-±G. 



To convert therefore the measure of an angle in d^rees to the 
corresponding measure in gradeii»- we must (after having reduced 
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the minutes .and seconds to the decinud of a degree) increase the 
measure in degrees by one-ninth of itself and the 'result is the 
measure in grades; to oonvert« on the other hand, the measure of 
an angle in grades to the corresponding one in degrees, ve must 
diminish it (expressed decimally) by one-tenth* of itself; and the 
result is the measure in degrees and decimal parts of a d^;re^ 
which may then be reduced to minutes and seamds. 

Thus 29** 5'. S3^'^ (29-0925) degrees » (29*0925 +??!^£\ grades 

» 52S250 grades » 32^. 32^. 50^. 

And S2». 32'. 50" = (32-3250) grades = ^32*3250- ^^'^^^) degrees 

» (29*0925) degrees^ 29*. 5^. 33^ 

6. Besides the above-mentioned unit of angular mea8ure« 
viz. the 90th part of a right angle^ which is always used in 
practical applications, there is another, vis. the angle at the 
centre of a circle which is subtended by an arc equal to the 
radius of the circle, which is more convenient in analytical in- 
vestigations. 

This angle will be of an invariable magnitude, whatever 
be the radius of the circle. For, assuming the ratio of the 
circumference of a circle to its diameter to be invariable, and 
employing, as usual, the symbol ir to express the numerical 
value of that ratio, so that if r be the radius of the circle, its 
circumference will equal 2 wr, let ACB (fig. I.) he an angle at 
the centre of a circle subtended by an arc equal to the radius 
of the circle ; then, since (Euclid, VI. SS) angles at the centre 
of the same circle are to one another as the arcs on which they 
stand, 

angle ACB are JB r 

four right angles circumference 2wr* 

.♦. angle JC2?-^°""g*'*'"g*^, . 

which, being independent of r, is invariable. ^ 

Since then this angle, which admits of such a simple defini- 
tion, is of invariable magnitude, it may be properly used to 
measure other angles. Let it be denoted by w, then any other 
angle will be denoted by 0tt>, if 6 express the ratio which iU 

1—2 



bears to that of the angle denoted By mi or, if we 
choose to sujppress the angular unit m% (in the same manner as 
we suppress 1* when an angle is expressed in degrees,) the 
angle will be represented simplj by 0. 

7« In this mode of measuring the magnitudes of angles, 
is equal to the ratio of the arc of a circle subtending the 
angle, to the radius of the circle, and is therefore called the 
circular measure. 

For let JBf AP (fig. 1.) he a^cs traced out by any point 
in the line CP, which, revolving from the position JCf describes 
the angles JCB^ ACP ; and let wtcAB^ ACj so that ACB is 
the angle subtended by an arc equal to the radius, or » c^ 
and ACP any other angle « 0^; then (Euclid VI. S3) 

zACP AP AP 
^ACB' AB ^ AC* 

AP arc ' 



aACP^iACB. 



.-. 0- 



AC * radius* 
arc 



radius* 



If we suppose the radius of the circle to be taken equal to 
the unit of linear measure, we have « arc ; or the measure of 
the angle is the length of the arc subtending it ; on this ac- 
count an angle expressed by its circular measure is soroedmes 
said to be expressed in are. 

8. The constant ratio of the circumference of a circle to 
its diameter, as already stated, is usually denoted by the sym* 
bol ir; hence the ratio of the semi-circumference to the radius 
will also be denoted by w, and the ratio of the quadrantal arc 

to the radius by - ; so that the measures of two right angles, 

and of a right angle, according to this mode of estimating the 

magnitudes of angles, will be respectively w and - . When 

arc 
the fraction — ^^ — is used to measure an angle, we shall gene- 

raUy denote it by a letter of the Greek alphabet. 



i 



9. Having given the measure of an angle where the 90th 
part of a right angle is taken for the unit of angular measure, 
to find its measure where the angle whose arc equals radius is 
taken for the unit, and conversely. 

The numerical value of ir, the ratio of the (^rcumference 
of a circle to its diameter, is 5*14159« Let r be tho radius and 
c the circumference of a circle, then e ^ fiirri also let » be 
the number of degrees in w^ the angle whose arc equals radius, 
then (Euclid VL 33), 



»• r 



3*14159 

Hence if an angle 9 be given referred to the unit «, its 
measure in degrees will be x 57^-29577 ; and, conversely, if 
an angle A be given in degrees, its measure when m is taken 

for the unit, will be . 

57-29577 

Definitions of the Tifgonometricsl Ratios^ . 

10. In trying to connect numerically the angles and the 
sides of triangles, our first idea would be to find direct rela- 
tions between the sides and those ratios, involving the lengths 
of circular arcs, which serve as the measures ~of the angles. 
But as circular arcs cannot be compared with one another or 
with straight lines, by means of their geometrical properties, 
we soon become aware of the difficulties of introducing the 
measures of the angles into calculation ; and we are led to re- 
place them by certain ratios depending upon the angles, so that 
they are determined when the angles are known, and con- 
Tersely; and which, involving the sides of right-angled tri- 
angles only, are capable of comparison with one another by 
means of thdr geometrical properties. These ratios, the use 
of whidi now extends to all branches of Mathematics, are what 
are called collectively Trigonometrical Ratios. We proceed 
to give definitions of them. * . v. 

11. If from any point in either of the indefinitely pro- 
duced sides conUuning an angle, a perpendicular be dropped 
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upon the other side, or the other side produced backwards, so 
forming a right-angled triangle, then 

The ratio of the side opposite to the angle, to the hypothe-^ 

nuse, or the fraction , ^ . , is caUed the sine 

hypothenuse 

of the angle. 

The ratio of the side opposite to the angle, to the side 

perpendicular . 
adjacent to it, or the fraction , , is called 

the tangent of the angle. 

The ratio of the hypothenuse to the side adjacent to the 

• 1 « . hypothenuse . '„ , , 

anffle, or the fraction -^^ « is called the secant 

® base 

of the angle. 

Thus (fig. 2.) if the line AC revolving from the position 
AB describe the angle BJC containing A degrees ; and if from 
any point P in AC we drop a perpendicular PN upon AB^ or 
AB produced backwards, we have, employing the usual abbre- 
viated mode of writing the Trigonometrical Ratios, 

. . PN ^ , PN ^ AP 

sin if w « tan if «■ • sec if ■■---'• 

AP^ AN* AN 

12. The complement of an angle is that angle which must 
be added to it to make a right angle ; thus the complement of 
45* is 45*, and the complement of 30^ is Go^. When the angle 
is greater than 90^, its complement is negative ; thus the com« 
plement of Ifsf is - 37*. The two acute angles of a right-' 
angled triangle are complements one of the other. 

The cosine, cotangent, and cosecant of an angle, are the 
sine, tangent, and secant of its complement, and are denoted 
by the abbreviatbns cos, cot, cosec. Hence, according to these 
definitions, 

cosJ-rin(90^-il), cotif-tan(90^-^), cosec J -sec (gof -if). 
Also, referring to fig. 9^ 






AP hypodienuse * 









or the cosine of the angle A^ is the ratio of the side adjaoen 
to the angle Jy (o the hypothenuse; 

AN base • 



cot ^ « tan JPJV^ 



cosec A = sec APN^ 



PN perpendicular * 
AP hypothenuse 



PN perpendicular ' 
In conformity with the definitions we likewise have 
cos (90° + J) « sin (- J), cot (90*+ A) - tan (- I)^ 
cosec (90^ •¥ A)'^9ec{^ A). 

13. Hence we see that the cosecant, cotangent, and cosine 
of an angle, are respectively equal to the reciprocals of the sine^ 
tangent, and secant of the angle, so that we have 

cosec A ^-l r, COtif«- 7* COS if 



sinJ' tanj' . secul* 

and that consequently the cosecant, cotangent, and cosine might 
have been defined to be the reciprocals of the sine, tangent,- 
and secant* 

As however the sine, cosine, and tangent are by far the 
roost frequently used, they must be regarded as forming the 
primary class of the Trigonometrical Ratios ; and the others at 
forming a subordinate class, the employment of Ivhich is occar- 
sionally attended with conveniences which will be hereafter 
pointed out 

There are also two other quantities which are sometimes- 
employed to determine an angle A^ viz. versine A^ and su-verrine 
A ; they are used to express 1 - cos A and 1 -1- cos A* 

14. The Trigonometrical Ratios determine the angles, 
and conversely ; i. e. any determinate values being given for 
the one, determinate values can be found for the other. 

For suppose the angle to be given, and that it is BAC 
(fig. S.) ; then as long as the angle continues the same, the 
values of the Trigonometrical Ratios remain the same, wherever 
the point P is taken in AC\ for if we take a second point P^ 
and drop a perpendicular ,PN*% since the triangliss APNf, 
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APtr are 'aimflary their sides have to one another the same 
ratios, and therefore sin J, tan^i fcc will have the same 
values, whether J PiV* or APN* be the triangle by the sides of 
which thej are expressed. 

Again, suppose the values of any of the Trigonometrical Ratios 
given, sin A ^a, eosA^a, tan il » a, for instance; taking any line ^ 
CP (fig. 4^) describe upon it as diameter a semi-cirde, and from 
centre P with a radius which is to CP as a to 1, describe a circle 
cutting the former in N, and join CN, PN ; then PCN is an angle 
whose sine equals a; for on account of the right angle PNC, 

sin PCN^ -^p B a. 

If it is the cosine which is given, the construction will be the same, 

except that the second drde will be described from centre C with a 

radius CN which is to CP as a io !• 

Again, taking any line AN (fig. 2.) erect PN perpendicular to it,- 

and having to ANihe same ratio that a has to i; join AP, then PAN 

PN 
is an angle whose tangent equals a, for XbuPAN^ TfT^^ 

These geomet ri cal solutions of the problem of finding an angle 
from its sine^ tangent, &c. are given only by way of fllustration ; we 
shall hereafter shew how to find the values of the Trig o nometrical 
Ratios of all angles to any degree of accuracy ; and if these values and 
the angles be arranged in tables, side by side, they will mutually 
determine one another with a predrion unattainable by geometrical 
construct loinSi 

15. From the above considerations we also see that for 
the same angle, there is one determinate value and only one of 
each of its Trigonometrical Ratios. The converse Proposition 
is not tnie, vis. that, corresponding to a given value of the sine^ 
tangent, he there is only one determinate value of the angle. 
On the contrary, we shidl see further on, that, allowing our 
definitions their necessary generality, there is, corresponding 
to the same value of the sine, tangent, See. an indefinite num* 
ber of values of the ang^ 

Relations of the Tifgonometrieal Ratios to one aaothni 

16. To express the cosine of an angle by means of its 
sine, and otoe oarsi ; and to express the other Trigonometri- 
cal Batios of an angle by means of its sine and cosbe» 
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From the right-angled triangle APN (fig. 9.) 

PN* -^^ AN* m AI* i 

t * 

lPN\* lAN\* 

•• Kap) *ll?)-'' 



i • \ 



* *. 

or nn*J+co^J«l (l); 

.•. co»A<m it y'l — wcfA^ and un ^ •■ Jt >/l —eonFA. 

PN 

.. ^ . PN AP anA .„. 

Also tan J - "Jv - "Tiir " j V*) 

AN AN co»A 

Ip 

' 1 

and, by Art IS. secil » 7 (3) 

cobA 

1 . oot^ . . 

cot J- ;--; — 7 (4) 

cosecA « -: — 7 •• (5). 

nnA . . 

17. The four latter foniiule enable us to find th'e values . 
of tan J, sec^i &c. when those of sin A and cos ^ are known. 

Ex.l. . Suppose A « 45*. 

Let ABC (fig. 5.) be an isosceles triangle, right-angled at 
C ; then the other angles are equal, and their sum is a right 
angle, therefore each of them is half a right angle. ' . 

Now JJB*-^C« + J?C*-25C*, otAB^y/i.BC; 

. ^ BC I ' y  

cos45i» « siii(90^ - 45°) « sin45»-^ V^, 
tan 45* • cot 45* a ly 
sec 45* >• cosec 45* tm i^L* 



I 



10 

Ex. 2. Suppose A » S€^. 

l^et J BC (fig. 6.) be an equflateral triangle; therefore each 
of its angles « ^rd of two right angles « 60^. 

Draw BD a perpendicular from any angle upon the oppo* 
site side ; then BD bisects both the angle ABCf and the side 
JC. 

. ..»r> ^^D i^^ 1 

.\ Bin JBD - -rs - ^-r^r - 1 ; 

JB JB , ^ • . .. 

or sindO*>»oos60^«^, 

COS 8(fim s\n 6(P ^ y/V^ m ^ y/$, 

tan 5(^ a cot 60^ « -7= » 4 \/s, 

cot SO*^ B tan 60* « >/i, 

sec SO® - cosec 6(/» - 1 v/5^ 
cosec 30^ « sec 60^ « 2. 

These values may of course be obtained, not through the 
sine, but direcdy from the figure ; for 

ADmj^JB, and D^ - JJB* - ^2>» - | ^JB», 

or 2>J?«^^/i.^J?; 

_ • 

1& The five formulae of Art 16 are the fundamental ones, 
and win enable us to deduce all others in which only one angle 
is inTolved ; the following are the most remarkable. 

Squaring, and adding unity to each side of («), we have 

corJ oosP^ 

but sin*^ ■». cos* J a I, and — r-- « ne^Ji 

COS*j< 

.;. 1 + tan* ^ - sec^^. 
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This alao appears from triangle JPN"(fig. S.) in wliich 

JI» '^ AN* + NF* i 

or sec^ J « 1 + tan*^. 

or cosec^il « 1 + co^Af 
which also results from the preceding by writing 90*— j| for Aw 

l9. In general, any one of the six Trigonometrical Ratioa 
of an angle being given, the five fundamental relations will 
enable us to find the values of a^ the rest; and for that pur- 
pose it will onlj be requisite to effect the simple solution of 
equations. 

Suppose for instance it was required to find the nne and 

cosine of an angle by means of its tangent, we must take the 

equations (1) and (2), vis. 

sinil 

sin'^ -»- cor ^ — 1, tan ^ ■• r ; 

cos-A , 

the second gives sin A <• tan A cos A, or sin^il •■ tan'il cos^^ ;■ 
and substituting this value of sin* A in the former^ we easilj find 

cos ^ — A ==» and then sin il » A 



A/l+tan*ui' A/l + tan*-4* 

the double sign implying that there exist two sines and two 
cosines, equal in magnitude but contrary in algebraical sign, 
corresponding to the same tangent; the explanation will be 
found in a subsequent Article. 

Use of the signs + and - to in£cate contnriely of pooitkuL 

20. In ^ving the line AC (fig. 2.) which, revolving about 
A from AB, describes the angle BACf all possible poritions, 
the sides of the determining triangle may assume situations 
entirely contrary to those which they have when the ang^e if 
less than 90^. For instance, in the case of the angle BAC 
greater than 90^, the base AN is situated to the left of A^ while 
before it was situated to the right. 
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These dontrarieties of positioD may be taken acooubt of in 
our calculations, by affecting the quantities representing the 
magnitudes of the lines with contrary algebraical signs. 

For let BC be any line (fig. 70> V^ which are given two 
pcunts J, B, separated by a distance AB « a ; and suppose 
the distance from A ot a point N in the line to be known, and 
 A, and we wish to express the distance of N from JB ; if we 
denote this distance by «, we have 

« a a 4- ft* or ^ •■ a — ft, 

according as N lies in AC or AB ; so that it will be necessary 
to use two formulae for these two positions of N. But this in- 
convenience may be eluded, and a single formula will suiBce, if 
we take care to f^ve different algebraical signs to distances 
which have contrary situations with respect to the origin A. 
In fact, the first formula « » a -i- ft, if we suppose ft to be 
negative, becomes ^ «■ a — ft, which corresponds to a point N* 
placed just as far to the left of ^ as iV is to the right, and so 
will serve to determine all positions of N in the indefinite line 
jffC, or all dista.nces of N from any line AD measured parallel 
to BC. 

Similarly, if distances originating in JBC, and taken along 
AD or only parallel to ADf be denoted by pontive quantities 
when they are measured upwards, when measured downwards 
they will be denoted by negative quantities. As the signs + 
and * are not sufficient to express the rdation of position of 
lines to each other which are inclined at any angle to one 
another, they are only applicable to lines which are either in 
the same straight line, or are parallel to one another. 

21. Again, let AB^ AD (fig. 8.) be two lines including 
a known angle J, and suppose the inclination of a line AC to 
AB to be known, and « B ; and we Vish to express its inclina- 
tion to AD ; calling this latter angle C, we have 

C^A-k-B, or C^A-'B^ 

• • • 

according as AC falls above or below AB ; both of which for- 
mulas may be included in a single one, CmA-^B^ if we 
affSect B with a positive or negative sign, according as the angle 
which it represents is formed, above or bdow th^ ^nt,Afi. 
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Hence if jomgles described by a line revolving from a fixed 
position in one direction be denoted hj positive quantitiesy 
those which are described by the line revolving from the same 
initial position in the opposite direction will be denoted by 
negative quantities; and the arcs -which are the measures of 
the angles will be affected with their proper algebraical signs 
according to the same rule. 

22. By these considerations we are led to the following im« 
portant principle, first established by Des Caries. 

If on any line, straight or carved, we consider different distances 
measured from a fixed point in the line as the common origin, we 
shall introduce into the calculation the distances which have contrary 
situations relative to. the origin, in affecting the one with the. sign -¥, 
and the other with the sign — • 

The direction of the positive distances is quite indifferent; but 
being once fixed, the negative distances must lie in the contrary di- 
rection. With respect to the sides opposite and adjacent to an angle 
in the determining triangle, and which, for different angles measured 
firom the same primitive line, are always either parallel, or in the 
same straight line, it is usual to consider them positive in the situa- 
tions which they occupy when the angle is less than 90^. With re- 
spect to the hypothenuse, it is necessaiy to take only its magnitude 
into account; for its position is fixed by the other two rides, and can« 
not be determined by the rigns -f and — « rinoe' it does not remain 
parallel to a fixed line» 

This principle of Des Caries is not to be assimilated to a theorem 
capable of being demonstrated d priori; it is in truth but a simple 
convention, which we must be careful not afterwards to contradict 
and of which the utility is rendered evident by the applications we 
make of it 

28. The supplement of an angle is that angle which mutt 
be added to it to make two right angles ; when the angle is 
greater than 180^, its supplement is negative ; thus the supple- 
ment of 100^ is 60^, and the supplement of 200^ it — £0^. 

If two angles be supplementary to one another, their Tri- 
gonometrical Ratios are all equal and of contrary signs, with 
the exception of the sines and cosecants, which are equal and 
of .the same sign. 

Let BJC (fig. 90 be an angle greater than a right angle, 
containing A degreet. In AC take any point Q, and draw 



• 
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Qlf perpendicular to BJ produced; also make angle BJCf 
" z QAM, AP - AQ, and draw PN perpendicular to AB. 
Then the triangles PAN, QAM, are equal in all respects; and 
we may assume AN « b, PN ^p,b and p being positive quanti- 
ties, and AP^n therefore AM^ - b, MQ ^p, AQ^n 

QM p 
now sm BAC ^mA^ -rrr « =- , 

AQ ' r 

sin 2?AC - sin (I80P - i<) « ^ - 5; 
.*• sin ^ a> sin (180^ - A). 

Also, cos BAC » cos A m — — - a , 

AQ r 

cos J5JC- cos (180* - -rf) «-—-«-; 

AP r 

.*. cos ^ «■ — cos (180^ - A). 

Hence 

• ^ Bin A sin (180^-^) , ^ ^x 

tan -4 m 1— — — ^^ « - tan (18D» - ^), 

COS2* -cos(180^-^) ^ ^ 

sec Am a -— :- - sec (I6(f - A), 

eosA -cos(180^-j<) ^ ' 

cot J- r- 7— - cot (180^ - uOf 

tan J -tan(l80P-^) ^ '* 

cosec A m -: — - « , .^^ — ^ » cosec (180^ - J), 
sin^tf sin (180^- J) 

24. If two angles are equal but of contrary signs, then 
all their Trigonometrical Ratios are equal and of contrary 
signs, with the exception of the cosines and secants, which are 
equal and of the same sign* 

Let AC (fig. 10.) revolving about the point A from the 
initial position AB, describe the angle BAC containing A de- 
grees ; th^n if it revolve in the contrary direction from AB 
till angle BAC m BAC, we shall have angle jB^C" - - J. 
Through any point N in AB draw PNQ perpendicular to AB 
and meeting AC, AC, in P and Q; and let APmt, AN^b, 
PNmpi then J^Q- -p, and AQ^r. 



Now 
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. „^^ . • PN p 
Sin BAC « nn -4 — -jp "  



8111 BAC^ sin (- ^) 






Again, 



Also tan A 



/. sin >1 « - sin (- A). 

cosiB^C--r5; --» 

cos S^C^- --—--; 
^Q r 

.*. cos u4 a cos (— ^). 

sin^ -sin (--4) 



cos A cos (— il) 



- Un (- ii). 



sec xL ^ 



sec (- -4), 



cos^ cos(— iL) 

* • • 

cot il ■• - cot (- A)f cosecA « - cosec (- A). 

Magnitades of angles unlimited. — ^Method of redudng the Trigonometrical 
Ratios of all angles to those of angles less than a right angle. 

25. Every angle considered in Geometry is less than two 
right angles ; but in Trigonometry the term angle haa a far 
wider signification ; and the representation of angles by roeana 
of their measures, leads to the consideration of angles not only 
greater than two right angles, but of all possible magnitudea. 

With centre A (fig. 11.) and any radius AB describe a circle; 

and suppose the radius AC^ starting from the initial position ABf 

to revolve in the direction BCCi ^^^ ^ ^ ^^rm different pod* 

tive angles BAC^O^ BACi^Oi^ with AB. Then if ^C 

continue to revolve in the same direction, we shall have the 

angle w + B'AC^ greater than two right angles, with measure 

BDBfC 
ft* — .p * » and the angle ir-¥B^ACt greater than three 
AB 

right angles, with measure ft* — * , When the describing 

AB 

radius reaches AB^ the whole angle described is four right 



t 
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angles or Sr ; and when it reaches AC for the second time, the 
whole angle described is 2x -i- BAC or 8«* + 0; and for the 
W^ time, the whole angle described )s S (n - l) w + 0- 

Similarly, negative angles of all magnitudes may be formed 
by the describing line revolving from ABin a direction opposite 
to its former one; and the various positions of AC relative to 
the primitive line will be equally well determined by them 
as by positive angles. Thus the positions of AC^y ACt^ 
may be determined by the negative angles BACt% BAC^f that 
is, by - (2» - 0,), - (««• - ft), as well as by ft, ft* 

26. To trace the changes in the magnitudes and algebraic 
signs of the Trigonometrical Ratios of an angle, as the angle 
increases from zero to Sir* 

Since the values of the Trigonometrical Ratios of an angle 
are independent of the magnitude of the hypothenuse of the 
determining triangle, we may suppose it to preserve the same 
constant value « r ; and we shall consider four cases according 
as the angle lies between zero and a right angle, between one 
right angle and two, between two and three, or between three 
and four. 

I. When the describing radius AC (fig. 2.) coincides with 
ABf and the angle BAC consequently, is zero, PN vanishes, 
and AN becomes equal to AP or r ; hence 

Orb 
sinOa-aO, cosO«--il, tanOvMiO; 

r r ' r 



. • 



cosecO«oo, secO«l, cotO«oo. 

As the angle increases, PN increases and AN diminishes; 
therefore the sine, tangent, and secant increase, and the cosine, 
cotangent, and cosecant diminish ; till the angle becomes a right 
angle when PN becomes equal to ^P or r> and AN vanishes ; 

• IT r w w T 

•*.rin— «-«l, cos-aB-«0, tan— -i-MeOt 
ft r « r ' 8 

T w ir 

cosec — — 1, sec-«oo, cot— «0, 

« « « 

All the Trigonometrical Ratios of an angle lying between 
zero and a right angle, are positive. 



\ 
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II. When the angle BAC exceeds a right angle (fig. St.), 
PN diminishes and uiiV increases ; therefore the absolute values 
of the sine, tangent, and secant diminish, whilst those of the 
cosine, cotangent, and cosecant, increase. Also since the value 
of PN is positive and that of AN negative, the values of the 
sine and cosecant are positive, and those of the rest of the 
Trigonometrical Ratios negative. W^en the angle increases 
up to fl-, so that PN vanishes, and AN » * r, we have 

-r 

sin^ = - = 0, cosxa — "-If tanx« — 'aO, 
r T -r 

coseciTBOO, secx a — 1, cotx >B oo« 

III. Similarly, as the angle BAC (fig. 12.) increases 

from X to — , the sine, tangent, and secant increase, and the 

Other Trigonometrical Ratios diminish ; and as the values 
both of PN and AN are negative, the sine, cosine, cosecant, 
and secant are negative, but the tangent and cotangent positive; 

and when the angle increases up to — , so that AN vanishesy 

and PN - - r, we have 

sm — « -■ - 1, cos — — - « 0, tan — — —  co. 

2 f . 2 r 2 

Sw ^ Sir ^SiT ^ 

cosec — -■ — 1> sec — « oo, cot — «0. 
2 2 2 

IV. Lastly, as the angle BJC (fig. IS.) increases from — 

to 2x, the sine, tangent, and secant diminish, and the rest 
increase ; and as the value of PN is negative, but that of AN 
positive, the cosine and secant are positive, and the rest nega- 
tive ; and when the angle becomes 2ir, we have 

r ^ 

sin2ir«-«0, co8 2ir«-«l, tan2x--«0, 

r r r . 

cosec 2x a 00, sec 2ir <■ 1, cot2ir « oo« 

27. In the applications of Analysis, as has been stated^ we 
frequently have to consider angles which contain w several 
2 ^ 
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times: we must therefore give formulas for expressing the 
Trigonometrical Ratios of all such angles by those of other 

angles less than - . We shall especially consider the sine and 

cosine, which are the Ratios roost used ; and as every angle 

greater than tt must consist df an angle < ir, together with x 

once or several timescrepeated, we shall first examine what 

would be the sine and cosine of ir + 0, being less than x. 

Let the angle BAC (fig. 14.) be denoted by ; produce CA 

to Cj then the positive angle BAC will be denoted by x + 0; 

PN F^N' 
and these angles will have equal sines --— , — ^ ; but as the 

lines PN^ FN* have contrary positions, they must be aflTected 

with different algebraic signs; the cosines in like manner 

AN AN* 

•J— 9 ~77> ^^ equal and must be affected with contrary 

algebraic ngns; 

.•• dn (x + 0) » - sin 0, cos (x + 0) » — cos 0. 

Next suppose increased by 2x» then the line AC will 
return to its original position, and all the Trigonometrical 
Ratios will remain the same; 

•*• sin (9x + 0) » sin 0, cos (2x -i- 0) « cos 0. 

In general, whatever be the magnitude of the angle 0, if 
we add to it x, or any odd multiple of x, the bounding radius 
will be transported to a position exactly opposite to that which 
it first occupied, and then, as is evident, the sine and cosine 
have only their algebraic signs altered, but not their magni- 
tudes ; but if we add to it 2x, or any even multiple of x, the 
bounding radius returns to its original position, and the Tri- 
gonometrical Ratios are altered neither, in magnitude nor 
algebraic sign. Hence the sine of any multiple of x will be 
xero ; and the cosine will equal -i- 1 or — 1 according as the 
multiple is even or odd ; i. e. sin nx « 0, cos nx *■ ( - I)** 

From the preceding results we readily perceive that 

tan (x + 0) - tan 0, ton (2x + 0) « tan0. 

. 28. It is proper to observe, that the formulss proved her^ 

^ and at Arts. 23, 24, 



V 
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sin (ir - tf) - sin tf, cos (ir - 0) » - cos ... (i) 

sin («■ + ©)« -sin 0, cos («r + 0) « - oosd..« (8) 

sin(2ir + 0) -sinO, a>s(2w + ©) » coeO...... (S) 

sin (- 0) 1- - sin 0, cos(— 0) « co80. (4) 

are true for positive and negative angles of all magnitudes. 

The first were proved only for values of between zero and 
ir ; changing into tt + 0$ they become 

sin (- 0) « sin (x + 0), cos (- 0) «- - cos (at + 0), 

which are evidently true by (2) and (4). We may now again 
increase by «-» and so on to any extent ; also putting — 
instead of 0, we see that the two formulae are still true; there- 
fore they hold for all angles whatever. Formulae (S) we have 
seen to be true for all positive angles ; also if we replace by 
— 0, they become identical with (1), therefore they subsist also 
for negative angles. In formulae (4) it is evident that may be 
replaced by — ; and from the way in which these formulae 
are established, there is no limitation to the magnitude of 0. 
Formulae (3) we have seen to be true for all positive values 
of 0; and since the addition of 2ir to any angle, positive or 
negative, makes no alteration in its sine or cosine, they must be 
true for negative values of 0. 

Hence also, from Art. 12, we have 



cos [ - + 0] a sin ( - 0) - - sin 0, 
cot (- +0) - Un ( - 0) - - tan0, 
>sec [- +0J » sec ( - 0) - 8ec0. 



29. It is now easy to reduce the Trigonometrical Ratios 
of any angle whatever, to those of an angle less than 90^. 

We must first suppress 3G(f as often as we can, and the 
sine, cosine, and tangent remain unaltered. We must next 
suppress 180^ (if the angle exceed 18(f) and change the ngns 
of sine and cosine, but not of tangent If the angle whicli 
now remains be greater than 90^, we must take its supplement^ 
and change the algebraic signs of the cosine and tangent, bat 
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not of the sine. The values of the other Trigonometrical 
Ratios may be found by expressing them by the rinc, cosine, or 
tangent. 

Ex. sin lOStSf" - sin 80d» « - sin l«gf - - rin 5l\ 
cos 1029* « oosSOgP - - cos 123* - cos 5l\ 
tan 675^ = tanSl5*- tanlS5*- -tan 45*. 
sin (- loag^ = sin (- SOaT) « - sin (- 12^0 « sin 5l\ 

30. Since sin0«sin(«— 0) --sinC-0)« -sin(x + e), 
and since we are at liberty to add or subtract any multiple of 
8 ir to or from an angle without altering the values of its Trigo- 
nometrical Ratios, we have 
sine - sin (Snir + e)- sin {(2n.+ l)»-ej « -sin(«nx-a) 

--sin{(2n + l)x + 0}; 
or, expressed by a ungle formula, sin « sin \nw + ( - 1)* 0$ • 

Similarly, 
CO60 « cos (2nir + 0) - - cos {(2n + l) ir - 0} = cos (2nw - 0) 

- -cos{(2n-i-l)ir + 0}; 
or, expressed by a single formula, cos0->( — l)*cos(nx>^0)* 

And rincetan0»-tan(ir-0)«--tan(-0)«tan(ir-l-0), 
Un0«tan(2ni* + 0)--tan{(Sn4-l)w-0}--tan(SnT-0) 

i-tan{(2n + l)ir + 0}; 

or, expressed by a single formula, tan « tan (fiir + 0). 

In all these expressions n is zero or any positive or negative 
int^r ; and is any angle positive or negative. Similar for- 
mulae may of course be obtained for t?ke ^ther Trigonometrical 
Ratios. 

^ On the angles which eoireapoiid to given values of the sine, cosine^ &e» 

31. The preceding results give occasion for the important 
remark that there exists an infinite number of angles which 
have the same Trigonometrical Ratios. We will now therefore 
suppose the values of some of those ratios to be given, and de- 
termine all the angles which correspond to them. 

To find all the values of the angle which satisfy the equa- 
tion sm m a. 
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Constrocty as in Art. 14, the angle BACf « a, (fig. 9.), 
having its sine » a ; and let BAC « x — a be the supplement 
of BAC Then the equation sin « a can be satisfied only 
by angles which are bounded by AB and A(fy or by AB and 
AC\ hence the positive angles will be BACf and BA(f in- 
creased by any multiple of Sir ; and BAC^ and BAC increased 
by any multiple of Sir ; i. e. they will be 

2nir + aj and 2nir + («■ — a) ; 

and the negative angles will be BAC^ BAC^ reckoned in the 
negative order, and the sums of each of these angles and any 
multiple of 2ir taken negatively, i.e. they vdll be 

- 2nir - (2x - a), and - 2nir - (ir + a), 
or -2(n + l)x + a, and -(2n + l)x-a; 

both of which series of angles are comprised in the expression 

nx -b (- l)*a,- 

n being any positive or negative integer not excluding zero» 
which, consequently, is the general value of 0. 

32. To find all the values of the angle d which satisfy 
the equation oos 9 » a. 

Construct the angle BAC^a (fig. 10.) having its coanc 
equal to a, and make the negative angle BAC  BAC. Then 
the equation cos Q^a can be satisfied only by angles which 
are bounded by AB and JC, or by AB and AC. Hence the 
positive angles will be BACy and BAC increased by any mul- 
tiple of 2x; and BAC (reckoned in the positive order), and 
BAC increased by any multiple of 2x ; i. e. they will be e^ 

2nx + o, and 2nx + (2x- o); ^^ 

and the negative angles will be BAC^ BACy reckoned in the j 

negative order, and the sums of each of these angles and any 
multiple of 2 X taken negatively, i. e. they will be 

-2nx - (2x- a), and -2nx-a; 

both of which series of angles are comprised id the expression 

2nx >k Of . 

n being any positive or negative integer not excluding zero, 
which^ consequently, is the general value of 0. 
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33. To find all the values of the angle which satisfy 
the equation tan » a. 

As in Art. 14, construct the angle BJC >- a (fig. 14.) 
having its tangent equal to a, and produce CA to C» Then 
the equation tan « a can be satisfied only by angles which 
are bounded by JB and AC, or by AB and AC. Hence the 
positive angles will be BAC^ and BAC increased by any mul- 
tiple of 2x ; and BAC (reckoned in the positive order), and . 
BAC increased by any multiple of Sir; i. e. they will be 

2nir + a, and 2nx + (ir + a) ; 

and the negative angles will be BACf BACj reckoned in the 
negative order, and the sums of each of these angles and any 
multiple of 2x taken negatively, i. e. they will be 

- 5tnv - (2x - a), and - 2nir - (ir - a), 

or - 2 (n + 1) ir + a» and - (2n + 1) ir + a ; 

both of which series of angles are comprised in the expression 

, nir + a> 

n being any positive or negative integer not excluding zero, 
which, consequently, is the general value of Q. 

34. It is unnecessary to go through the cases in which 
the angle is given by any other of its Trigonometrical Ratios; 
fcnr since 

cosec 9 « -T-^ • sec — , and cot 



sin^' CO80' tan0* 

the formulae for the solution of cosec « a, sec » a, cot » a, 
will be exactly the same as those for sin a a, cos » a^ 
tan a a. It must not be forgotten that in the equations 
8in0>-a,cos0-ia,a must lie between + 1 and - ],.and that 
in the equation tan » a, a lies between + oo and - oo ; also^ 
that in the above formulae, a is the least positive angle which 
corresponds to the given Trigonometrical Ratio, and therefore 
is always intermediate to zero and ir ; unless a negative value 
of the sine or cosecant be given, in which case the least corres- 
ponding angle will lie between w and — • 



SECTION II. 



fA nx Q^ ^<i PR PQ 
sin (^ + i?) « -^. ^ + — -. ^ 

^ ^ JQ JP PQ AP 



Also, cos (i< + J3) 



- mA cos B -^ COB J Bin B. 
AN AM'-MN AM QR 



AP AP AP AP' 

or, replacing each of these ratios by two others of which it is 
compounded, 

^ ^ AQ AP PQ AP 
^cobAcobB -^BinAmB. 

36. To express the sine and cosine of the difference of 
two angles in terms of the sines and cosines of the angles. 

Let the angles BACy CAD (fig. l6.) be denoted by J and 
JB, so that BAD »A-B. In AD take any point P, draw 
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FORMULiB INVOLVING THE TRIGONOMETRICAL RATIOS 

OF TWO OR MORE ANGLES. '( 

* • 



Formnln for finding the sine and cosine of the som and diffexenoe of two 

angles. 

36. To express the sine and cosine of the sum of two 
angles in terms of the sines and cosines of the angles. 

Let the angles BAC, CAD (fig. 15.) be denoted by A and 
B, so that BAD ^A^B. In AD take any point P, draw . 
PJV, PQ respectively perpendicular to AB^ AC; and QJI, ' 

QM parallel and perpendicukr to AB; then BM is a rect- 
angle, and the angle QPR is the complement of PQA, and is 
therefore equal to angle RQA' or A. 

Now sin iA^B).^^^f^^^^^iE, 
^ , ' AP AP AP^AP" 

... . QM , , QM AQ 

or, replacing the ratio -— by the ratios —^ -^ , of which 

-Air AQ AP 

PR 

it is compounded, and similarly for -jS^ 



M 

.1 
' t 

 % 

i, 
I 
I 



»i 



It 
 • 

I* 
1 
I 

* 



lit 



I 
t 



24 

PNj PQ respectively perpendicular to JB^ AC; and QMy PR 
perpendicular and parallel to JB ; then RNu a rectangle, and ^ 
the angle PQR is the complement of AQM9 and is therefore 
equal to angle QAM or A. 

Now sm (A^ B)^ -r-^ « 7= — « -r=i - -77; ; 

^ ^ AP AP AP AP 

or, replacing each of these ratios by two others of which it 

is compounded, 

sin (J - J?) e — - • — - - — - . -7- 

^ ^ AQ AP OP AP 

B sin A cos B — cos A sin B* 

iM «v ^^ AM + MN AM PR 
Also,cos(^.iO.— ^^_-_+^; 

or, replacing each of these ratios by two others of which it 
is compounded, 

.. ^^ AM AQ PR PQ 

cosfj- B) --77r.-r?;+ 7r:T^-r« 
^ ^ AQ AP PQ AP 

mcosA cosJ7 + sin^ sin jB. 

37- The figures appear to restrict the above formuls to the case 
rv^^^ ;" where A and B are positive angles, and A-^B less than 90*; and to 
require that A exceed B in the formulae relative to A-^B. It is true 
we may modify the constructions so as to be applicable to all other 
cases; but as these cases are numerous, the following mode of estab- 
lishing the formulie for angles of all magnitudes and signs is pre* 

ferable. 

sin(il-i-£)»8inilcosjB + cos^8inB (1), 

cos(i4 + £)»cosilcosB-8inil sinJB (2), 

sin(il-jB)s8inilco8 B-cogA&nB (S}, 

oo6(il-B)»cosilcos£ + sinilrinB (4). 

1. The restriction of il > B may be removed from (3) and (4); 
for suppose A <B, then 

sin(il - J3)n - sin (B-il)a-sin B coSil4 cosBsittily 
oos(J - B) » -I- cos(B- il)s cos B cos il + sin B sin il, 

smce (S) and (4) are applicable to B-i<. Hence we have for 
sin(il-B) and cos (il-B), the same formulae whether il> or < B; 
therefore the above four formulae are true in all cases where the 
angles A and B are pontive, and A-¥B< 90*, or eadi of them be- 
tween zero and 45*. 
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2. Since (3) and (4) result from (1) and (2) by changing B into 
- B, it follows that (1) and (2) hold for negative ydaes of B between 
0* and - 45* ; and we shall now shew that they hold also for negative 
values of A between 0* and - 45*. For suppose C< 45*; and make 

.% sin(il + B) = sin(-C + B)=-8in(C-B), 
cos (il + -B) = co8(- C + J3) =cos (C- JB); 

now C and B are within the limits for which (3) and (4) have been 

proved, and un C ~— sin^, cos C» cosil; 

•-• 8in(il + J^s— {sinCco8JB-co8C8inJB} = 8inilco8jB-i-cosilnnB, 

cos (il + £) = cos C cos B + sin CsinB = cos if cos jB - sin if sin JB, 
which are the same as (1) and (2). 

3. We shall now shew that in (1) and (2) we may eactend inde- 
finitely the positive and negative limits of if and A 

Make ilagO^ + C, C being an angle between -45* and +45*. 
Then, taking the complements (Art 12), 

8in(il + B)»sin(9a*+C+J5)scos(-C-'B)«cos(C+B), 
cos(if +B)=co8(90*+C+B) = 8in(-C-J3)=-sin(B + C); 

but 8inifscos(-C)»cosC, coSi4B8in(-C)a-8inC, • and the 

angles B and C are within the limits; 

•\ sin(il + JB)BcosCcosB-8inCsinBBsinilcosJB + coSi4sinB, 
cos (il + B) » -sin Ccos B - cos CsinBscosil cos JB- nnilsinJB, 

so that (1) and (2) still hold for values of A, the positive limit of 
which is 135*; and in repeating the process, it is evident that the 
limit may be increased by any number of right angles. Also the 
proof given above, that if (1) and (2) are true for positive values of 
if <45*, they are true for the same values taken negativdy, may 
evidently be applied to the case where the positive limit of if is d]£> 
ferent from 45*. Hence (1) and (2), since they hold for all positive 
values of if, hold for all negative values of if. With respect to B, the 
same reasoning is manifestly applicable to it, and we may in the same 
manner indefinitely extend each of its limits. Hence the formulae 
(1) and (2), and consequently (3) and (4), are demonstrated for all 
vflJues of the angles if and B. 

Fonnula for the multiplication of ang^ 

38. In the expressions for sin {A + B) and cos (jf + B), 
suppose B^ Aj then 

8in2if «2un J cos^ (]), 

C08 2if acos^il - dn'if ••• (2), 



{ 
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formulfle which enable us, from knowing the sine and cosine of 
an angle, to calculate the sine and cosine of double that angle. 
If in the former we substitute successively vl — sin* A 
\ for cos Jf and \/l -cos^J for sin J, we get 

sin 2jm2 sin A y/\ - sin' J, 
sin 2 ^ a 2 cos^ y/\ — coe^Ay 

where sinSj. is expressed by sin A only, and by cos A only ; 
and in each case has two values, on account of the radical 
involved. 

Also if in the latter we substitute successively 1 - sin' A 
for COB* A, and 1 — cos*^ for sin'^, we find 

cos 2 A « 1 - 2 sin'^, 
cos 2 j< » 2 co^ j< — 1, 

where cos ZA is expressed by sin A only, and by cos A only. 

39. Next in the expressions for sin {A + B) and cos {A + jB), 
suppose B »^Ay then 

sin SA ^AnA cos 2il + cos A sin 2^^, 
cos 3 A a cos A cos 2if — sin ^ sin 2il* 

Now replace sin ^A and cos2^ by the values just found, 
and reduce by means of the relation Axf A + co^^ ■> 1, and 
there results 

sind^ s sin il (1 — 2 sin'^) -f cos A . 2 sin ^ cosil 

« sin^(l-2 sin'^) -1-2 sin J (l-sin'jf) » S sin J - ^tax^A^ 

coaSA scos^ (2coi^il — l) -sin J .isinAeoBA 

— cos^ (2cos'^ — 1) - 2cos^ (l - cos*^) » 4coflP^-5oos^. 

Proceeding in this manner, we may find expressions for the 
sines and cosines of 4Aj 5Aj &c. and of all succeeding multiples 
of A. There exist, however, general formulse for the multi- 
plication of angles, which will be given in a future Section. 

The reason why sin mA when expressed by sin A has one or two 
values, according as iit is odd or even, and cos mA when expressed by 
oosil, has always but one value, may be thus explained. Since 
Hw -I- (- l)ra is the general value of all angles that have a given sine. 
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if we express uamA in terms of sin il, the result must be the value of 

sin m {nw -i- (— l)"a} s cos mnv. sin (-7 lymas^* rinina, if m be even; 

ss (~ 1)". (~ ])" sin ma B Bin ma, if III be odd. 

Similarly if cos tnA be expressed in terms of cos A, the residt will be 
the value of oosm (2itir ^a)^ cos 2mnir . cos {^ ma) s cos mo. 

FormulBd for the division of angleii 

J ^ 

40. Change J into — in formulas (l) and (2), Art. 38, then 

8 

2 Sin — cos — B sm A. 

\ A , m A J 

COS* sm — « cos At 

2 2 • 

A , *A 
and we have, besides, the relation cosi" — + sin* — » 1. 

2 2 

41. First suppose cos A given, i. e. that we are required 
to find the sine and cosine of half an angle from knowing the 
cosine of the angle. Adding and subtracting the two latter <^ 
the above equations, and extracting the root, we find 

. A ^ /l -cos J A ^ /l -hcosA ' 

sin — =» \/ • cos — « \/ . 

2^2 2^2 

In these expressions the radical has a double sign * ; the reason 
why we obtain two values, equal in magnitude but of contrary 
signs, for each of the unknown quantities sin^il, cos 4^, is that 
since we are at liberty to write Slnw^a for A under the radical, 
(that being the general value of angles which have a given cosine^ 
Art S2,) the same substitution, must also be admissible in the former 
members of the equations; and therefore the above formulss must 
give all values comprised in 

sinf»irik|V cos ("^'^aj^ A being any integer whatever. 

Now, by Art 29, if n is even, these are the same as 
/ a\ . a / tt\ «t 
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if » is odd, they are the same as 

-«n(*|)-*rin|, -co.(-.|)— co.|, 

whidi shew that we mast have two values, equal in magnitude but 

of cmitnuT signs, and no more, for sin •— and cos -- when they are 
determined from cos A» 

42. Next suppose sin A given, i. e. that we have to find 
the sine and cosine of half an angle from knowing the sine of 
the angle. Riesumiog the equations 

2 sin ^ cos — » sin ^. 

8 ft 

oaf — + sin" — « If 

and taking the square root of their sum and difference^ we 
have 

cos — + sin — — \/l + sin ^ I 

- (0. 



cos 



— - sin — « \/i - sin ^ I 
S 8 . J 



from which we easily deduce the required values 

« 

dn — « J\/l + sin^ - ^ \/l - sin Aj 

cos— « \y/l + sin J -i-^\/l - sin J. 

Eadi of diese expressions, on account of the two radicals which 
it involves, has four values; that such ought to be the case, appears 
finom this, that they ought to give the sine and oodne of the half 
of all angles whose sine » sin A^ i. e. of all angles comprised in 

4ii» + (-l)-J«, 

n bring any integer .whatever, (Art 31.) Hence, according as » is 
even or odd (Art 29), we must have the values 

or "^sinx* *sin— ~ forsin^. 
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a ir— a ^ if 

or ikGos-> *coi-^ foroot-; 

which shew that we must have four values equal two and two and 
of contrary signs, and no more, for sin -^ and cos •- , when they 

are determined from sini*. If a be a right angle, — ^ and - will 
each be half a right angle, and the four values are reduced to two. 

43. When a certmn value, a, is given for sin J, there ^/vcXa^ 
are, as we have seen, four values for sin — ; but when of all 

the angles which satisfy the equation sin J » a, a particular 
angle is assigned, there will be only single values for the sine 
and cosine of its half; and we diall shew how, among the 

four values of rin — and of cos ~ , the appropriate ones are 

to be ascertained. Taking the case of the sine, we have the 
four values 

sin - « Jb ^ {y/l -^mkA - v 1 - sin A)^ 
sin — « Jb ^ (Vl 4- sin^f -I- v 1 - sin J). 

X 

Now the square of the former is < ^, and the square of the 
latter > ^ ; therefore, ' abstracting the sign, the two former 
values are less than sin 45^, and the two latter values greater. 
But when an angle is assigned, it is easy, i priori^ to determine 
whether the sine of its half is positive or negative, and less oir 
greater than sin 45*. Hence all indeterminateness in the value 

of sin — will be removed. Exactly the same reasonings apply 

J 

to the cosine. If for example A < 90^, sin — is positive and 

X 

less than sin 45*, cos — is positive and greater than cos 45* ; 

X 

hence the formulse will be those at Art. 42, with the signa 
which are there in evidence. If J be between 18(f and S70^9 
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A ' . A 

m — will be positive and > sin 45^, cos — will be negative 

and less than cos 45^, and the formulae will be (observing that 
the value of sin ul is negative) 

sin — a 1 (\/l + sin A + \/l -sin J), 
ft 

cos — ■• i (\/l + sin J - \/l - sin A). 

It will however be generally found the easiest way to con- 
sider, for the particular value of Ay whether the sine and cosine 
of its half are positive or negative, and which is numerically the 
greater ; and so to determine the signs which the radicals are to 
carry in equations (1), before the addition and subtraction are 
performed. Thus, when A < 90^, the sine and cosine of its 
half are both positive, but the latter is the greater; therefore 
both radicals must carry a positive sign. If ^ be between 
* 180^ and 270^9 then sin ^^ is positive, and cos -j^^ is negative, 
but the latter is numerically the greater ; therefore both radi- 
cals must carry a negative sign. 

44. Next, to trisect an angle. Changing A into — , the 
formulae of Art. 59 give 

sin ^ « 3 sin 4 sin* — , 

S S 

^A A 

oos^a 4 cor Scot — . 

s s 

Suppose, for instance, we have cos^ given, and cos ^^ is 
required ; putting cos J — a, cos ^A » «, we have 

«• - J» - ^a - 0, 

for the equation to be solved in order to find oob^A. 

We may shew d priori that cos ^A, when determined from 

co»Atsa, must have three real values, and no more. For since 

all values of A which satisfy the equation cos if « a, are comprised 

in Ataftnw^a, the above equation must have for roots all values 

of s comprised in 

SairAa 
sxoos ; 



a 
COi- 
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now H is of one dibe fonns SmotSm^l; 

2«»*__*_j = cos— _.; 
SO that z has three different real values, and no more, unless a » ir. 

Formulfld rdatiYe to tangents. 

»  

45. To express the tangent of the sum or difference of 
two angles in terms of the tangents of the angles. 

By the relation which exists between the sine, cosine, and 
tangent of an angle, we have 

«v sin (^ + S) 

tan(J + J)- }^ — ^1 

cos (J + A) 

or, replacing sin {A + B), cos {A + 5), by their values, 

sinJcosJS + cosJsinjff 



tan {A + B) 



oo^A cos B — sin ^ sin A* 



In order to have only tangents of A and B involved, divide 
numerator and denominator by cos A cos B ; then 

sin A mB 
4. 

r J wx ^* ^ *^* ^ tan ^ + tan a 

tan (J + 5)«— ^— 7— !— s«- -z =. 

sin A mnB l-tan^taUiB 

1 i* ^ 

CXMjf cosJB "~ 

In the same manner, for the difference of two angles, we 
find 

tan A — tan B 



tan (J - B) 



1 + tan^ tan iff* 



46. Let B^Ay then for doubling the angle we have 

^ ^. Stan^ 

tan 2 J 1- — -. 

1 -tan* J 

Let B « 2 J, then 

tan^ + tan 2 J 



tan 3 J 



1 -tan J tan2^* 



and, substituting for tan 2 J, and reducing, we find tanSif in 
terms of tan A^ and so on for tan 4i<, fccT 



\ 



I IJ •  ^^i^«^P^*»W^«^^»"^^^^^^^Wi^^ 



32 

47- Let ^ « 45^, then tan ^ « 1, and 

4. iM^ n\ l + tanJB 

"^ ^1 +tatajB 

48. To find tan — in terms of tan Ay change A into — in 
the preceding formula for tan^A^ and there results 

A 

2tan- 

' tan ^9 



^A 

1 -tan*- 

2 



which is the same as the equation of the Snd d^ree^ 



^A 5t A 

tan* — + tan 1-0, 

2 tan J 2 * 



from which we find 

J 

The reason why tan — , when determined from tan -i, has 

two values and no more» may be assigned just as in former in- 
stances. 

49. The following expressions for tan — are often met with * 

2 * 



2 ^1 +co§A 

^ A An A A l-cos^ 

tan — « T, tan — « ; 

2 1+GosJ' 2 sin J * 

they are easfly deduced from formulae already known; it is 
clear, in fact, by Arts. 40 and 41, that we have 
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A 



A 8 /l — ccM A 
tan — «——->« \/ -, 

' cot—' 

2 

^ 2 sin — COS — . , 

^ ^ S 2 sin J 

tan-r 



2 

^ ^ 2 1 - cos^ 
tan — ai ............ . . 

2 . ^ ul sin^ 

3 sin — cos — 
2 2 

Certsin other fonnulbe fireqiiently employed. 

• 

50. The formulae of Arts. 35, S6, expressing the sine and 
cosine of the sum and difference of two angles, lead to a Tariety 
of formulae much used in Astronomy ; the following are the 
principal ones. 

Combining those formulae by addition and subtraction, we 
find 

2 sin j< cos A « sin (^ -f JS) + nn (i< - B)^ 
2 cos jf sin Jff • sin (J + B) - sin(J - jB), 
2cosJco8j?«cos(J-^ -l-cos(^-f ^, 
2 sin ^ sin £ « cos(J - B) -cos(J 4- i9)» 

which serve to resolve the product of a sine and cosine, or the 
product of two sines, or of two cosines, into the sum or difler- 
ence of two Trigonometrical Ratios. 

51. If in the preceding results we replace Ahj (it - 1) jB^ 
we obtain formulae worthy of notice as expressing the sines and 
cosines of multiples of an angle in terms of the rines and co- 
sines of inferior multiples of the same angle. From the first 
and third we thus deduce 

sin nB • 2 sin (n - 1) J? cos J? - sin (» - 2) A, . 

cosniI«2cos(n - l)BcosA* cos (n- 2)11. \ 
3 
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52. Again, since 

expanding the sines and cosines of these equivalent values of 
A and B^ and combining them by addition and subtraction, 
we find 

sin j4 + sin A B 2 sin ^ (i< -i- B) cos ^ (^ - B)^ 

sin J - sin jB a 2 cos ^ (^ + £) sin ^ ( J - J?), 

cos J + cosJff a 2cos^(J + i')cos^(^ - JB), 

cos Jff - cos^ a 2 sin -j^ (^ ••- J?) sin -j^ (^ - B). 

These formulae are of great use (especially in calculations effected 
by logarithms) in transforming a sum or difference into a pro- 
duct. 

53. Lastly, by division, observing in general that 

sin J . 1 

«■ tan J -« 



co8^ cot J ' 

the preceding formulae give the following ones of scarcely less 
utility : 

sin J + sin JB sin^(^ -i- J)cos^(J - g) ton^(^-f J) 
sin J -. sin H * cos^(if + 2?) sin^ (i< - H) " tan^(u< -2?)' 

sinJilisinB i^^.m 

cosJ + cosJI *^ ^ 

sin J A sin H. ,• . 



cos B — cos A t , M ^v '% , M .^v 



Among these formulae the first is to be particularly re- 
marked. It may be thus enunciated : the sum of the sines of 
two angles is to the difference of the rines, as the tangent of 
the semi-sum of the angles is to the tangent of the semi- 
dioereiice. 

54. We sometimes meet with transformations of Trigono- 
metrical formulae, of which it is not easy to perceive the origin; 
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in such cases it is sufBcient to verify them, which can never be 
attended with difficulty, and for that purpose we may begin 
with either member of the equation. For instance, to verify 
the relation 

 m 

sin (A + B) sin (J - J?) -> nn* J - sin' B; 

replacing sin (J + B) and sin (A — B) by their values, we 
have 

sin (A •¥ B) sin (A --B) ^ sin* A coifB^cofA AifB\ 

then, substituting 1 — sin* A and 1 — sin' B in the place of 
cotfA^ cos'jB, and reducing, we find the proposed rdation. 
Or, if we commence with the second member of the equation, 
the process will be this : 

sin'^ - sin* 1} » ^ (l - cosSjtf) - ^ (l - cos2j?) 

8 ^ (cos Sl^ - cosS^) 

-^.2sin (A'¥B)9in{A^B). 

55. Again, if these other rdations were proposed, 

I - tan* — 8 tan — 

cosil — , sin J » ; 

l + tan«- 1-ftan*- 



A. — « 

putting for tan - its value , the second members become 

COi — 

ft 

cos' sin' — 2 sm — cos — 

8 8 8 8 



cos* — + sin* — ooiP— + Mn* — 

8 8 8 8 

which, by (Art. 40), reduce themselves to cosil and sin^, a« 
was to be shewn. , 

56. The following transformations may be proposed for 
practice. \ 
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cos (J 4- £) COS (i< - B) - cot^ J - sm* J7» 
tan J 't- cot 4 *■ 2 COMC S J, 

t 

tan^ + secJatan (4^ + 



(-^1)- 



cot ^ + cosec J a cot — t 

2 

tan (45^ > ^ - tan (45» - ^) - 2 tan 2 J, 

COSi< — — — ^ 



I +tan4 tan — 



^ ^ ^ 8in(J + 2») 

tan^ + tani?>« — ^ =r , 

cos A cos B 

sin A 

*"^^-^^>-^-*- co.(JfJ)cos4 - 

Also sin J + flinA + anC«4cos^^cos^£cos^C9 

' cos J-f cos£ + co8C«4rin^il8in^i}8in^C+ U 
cot J + cot J3 + cot C « cot J cot J9 cot C 
+ cosec J cosec Jff oosec C, 

tanJ+tanJB+tanC — taniltanJJtanCy 
where A-^B-k-C^ lUf. 

The last of these formulae proves that we may choose, in 
wn infinite number of ways, three quantities sudi that their 
sum shall equal their producL 

57* AU the preceding results have the same generality as 
the formulie for the sines and cosines ot A-k- B and A-^Bp 
from which they have been deduced; and are therefore true 
for angles of any magnitude and sign. 

Before entering on the succeeding Sections, the Appendix 
.on Logarithms may be conveniently read. 






SECTION III. 



CONSTRUCTION OF TRIGONOMETRICAL TABUB& • 

Natural anes and cosines for ereiy ten seconds of the qoadisnt. 

68. In order that the replacing of the angles by their 
Trigonometrical Ratios may be attended with real utility, it 
is requisite that when the angle is assigned we should know 
the numerical values of its Trigonometrical Ratios, and con- « 
versely. The best way of attaining this object is to form 
Tables, in which the values of the Trigonometrical Ratios are 
registered side by side with the angles to which they corre- 
spond. We must therefore now shew how to calculate the 
sines, consines, &c, of all angles between zero and 9(f, for 
every lo'', that being the interval at which the angles succeed 
one another in the best tables; and it must not be thought 
that unnecessary accuracy is here studied, for in the present 
state of Astronomical Science, an error amounting to a small 
fraction of a second is often of serious importance. But we 
must first establish the truth of the following Propositioiis. 

59. The circular measure of an angle between zero and 
a right angle, is greater than its nne and less than iu tangent 

Let BAC, B^AC (fig. 17.) be two equal angles, each less 
than 90^, with circular measure 6. From any point C in AC 
draw CjB, CB^ perpendiculars to AB^ ABf\ join BW cutting 
AC in N^ and with centre A and radius AB describe a circular 
arc cutting AC in D, and which will manifestly pass througb 
JT". Then arc BDBl is greater than BBlx 

.%BD>BN,md j^>jj^, ore>nne. 

Also, admitting the prindple that the boundary of a 
convex curvilinear figure entirely contained within another is 
less than that of the containing figure. 



38 

arc BDB is less than BC + BtC^ 

BD BC ^ 
.-. BD<BCf and -— < -75, ot d< tan ft 

60. As the angle whose circular measure is 9 is continually 
diminished to zero, each of the quantities—^ , — ^— continually 

U V 

 

approaches to unity, and has unity for its ultimate value. 
For since lies between sin and tan 0, 

. * •. .u *"> ^ ^ 
, ^ IS nearer to unity than - — ;: or -. ; 

sin ^ stn cos 9 

but the ultimate value of , when is continually dimi- 

a 

nished, is 1 ; therefore, i fortiori^ the ultimate value of -; — :-» 

sin© 

X. A • t • '. 11 tan sin d 1 

when vanishes, is unity. Also, since — ~— - — r— . - — -, 

•^ costf* 

' tan A 

the ultimate value of  , when 9 vanishes, is unity. 



61. If be the circular measure of an angle between zero 
and a right angle, then sin 9 > - -> . 

For sin 0» 2 sin -cos*; 

. 

.,6 •""« a , a 6 ^ 

and tan- >- or — - >- gives 8sin->0cos-; 

« 8 ft ^ 8 8 

cos- 


.'. sin0>9ooiP-; 

8* 

but COST - - I - sin" - , .•. cos^ - > I : 

8 8' 8 4 



I 



* 
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••• a fariiorif md © > tf — -?- • 

This result will be useful to us in estimating the degree of 
approximation in the next Article. 

62. To find the sine of lO''. 

Let 9 denote the circular measure of an angle containing lO''; 
then since the circular measure of 180^ is x « 3-1415926535, 
and the ratio of two magnitudes is the same whatever be the 
unit in which they are expressed, 

10 ^ a ^ 

IT 180x60x60 64800* '* 64800 ' 

Now sin lO'' > d > < d ; and on substituting for 

the above value, it is found* that these limits coincide in the 
first twelve places of decimals; therefore to twelve places of 
decimals. 



sin 10'' - e 



64800* 



and cos 10 is found by substituting this value in the formula 

cos lO" « \/ 1 - sin" lO''. 

Hence if Q be the circular measure of an angle containing 
n seconds, then 

0«nsinl''; ^ 

for if A be the circular measure of l'', then « nA ; but 

* The calculfttiim ii m foQowi : 

We have 6 - -00004 84818 S81I0. 

Now tinir>0-j, 

.*. a/ariwri, sin ir > - } (*OO0OS)>, 
or •inlO">HI0004 84818 88110 



or tin 10" > -00004 84818 08078^ 
alio tin 10^<0< 00004 84818 88110, 
cietorc the value of lin 10^, correct to 19 placet of itedmaley la 

tin ir. -00004 84818 9%. 
Sttbstitating this value of iiin 10" in the fonnula cos 10" - Vl -sin* 10^, ve have 

cos 10". 00999 99080 348^ 



mmmm 
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h^ mnl^ exact to at least 12 places of decimals ; therefore 
with equal exactoessy 

' a n sin l". 

63. The sine and cosine of 10^ being known^ the sines 
and cosines of all angles between €f* and gcf^ from KJT to lO'', 
may be computed. 

Making J « nACT^ B « 10"' in the formula 

sin ( J + B) — 2 sin ^ cos A — sin {A - B)^ 
we find 

sin (n + 1) 10" - 2 sin nio". cos 10"' - sin (n - 1) 10" ; 

DOW 2 cos 10" differs from 2 by a very small* quantity k^ 
putting, therefore, 2 - Ap for 2 cos 10'^ and transpoang, we get 

nn (n+ 1) \(f~ sinnlO"- sinnlo"-sin (n-1) lO"- Adn nio"; 

hence making n «■ 1,2, &c. sin 20^^ sin SO", 8ic. become suc- 
cessively known ; and in general the difference of the sines of 
consecutive angles (n + 1) lo" and n lO" will be obtained 
by diminishing the difference of the sines of the preceding 
angles n 10"' and (n - 1) lO'', which is already calculated, by 
jp nn n 10^ ; so that for each new nne, the only laborious 
operation will be to multiply the last obtained sine by k. It 
is necessary to take sin 10^ and cos lO'' with a great many more 
decimal places than we mean eventually to preserve, in order 
that the accumulated error, in the long series of operations for 
forming a table of sines, may have no influence on that order 
of decimals which we wish to have accurate in the last results. 

64. Having computed the sines of angles ascending by 
intervals of lO'^, from (P to 60^, the sines of angles ascending 
by the same interval from 60* to 90^ may be found from the 
formula 

sin (6(f -f ^) - nn (60* - ^) « 2 COS 60^ sin il.« sin J, 

since cos6(f s-|, 

or sin (60^ + ^ « sin ^ + sin (60^ - j|), 

by putting ^ « lo", 20", &c. successively. 

• The numerical value of k ii *SOOM SOSSS M4. 



«W««MMiAaa«|fe 
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66. The sines of all angles from 0^ to 90^ beinj^ computed, 
no calculation is requisite for the counes ; for sin lO'' is the same 
thing as o(mBS/^.59\50'^9 Anftff* the same as cos sgf^.^gT.iOl^, 
and so on ; so that a complete table of sines is also a complete 
table of cosines. 

66. The tangents and secants are of course known from 
the sines and cosines; and complete tables of tangents and 
secants are also complete tables, respectively, of cotangents and 
cosecants, just as in the case of the sine and cosine. When the 
tangents of all angles as far as 45® are computed, the tangents 
of angles between 45® and 90^ may be found from the formula 
(Art. 56.) 

tan (45® + j4) » tan (45® - li) + 8 tan 8^1, 

by putting A » 10^', 90'\ &c. successively. Also, since (Art. 56.) 

^ 1 f ^ ^\ 

oosecjfl «^< tan— + cot — >, 

and replacing ^ by 90^-f J, 

sec itf « ^ I tan f 45® + -] + cot f 45® + -H , 

the tables of tangents and cotangents will give, by simple 
addition, the cosecants and secants of angles which are even 
multiples of 10^'. 

67* When an angle, besides degrees and minutes, contains 
a number of seconds not a multiple of 10, its sine, cosine, lie. 
are not found exactly in the Tables ; they may however be 
deduced from those of the angle nearest to it, as will be shewn 
in a future Article, on the principle that the increments of the 
sines, cosines, be. of angles, are proportional to the increments 
of the angles ; the calculations being precisely similar to those 
employed in treating of the logarithms of numbers. As this 
is a point which will be fully illustrated when we come to 
speak of the logarithmic sines, cosines, &c. of angles, which are 
of far greater practical importance than the natural sines^ oo» 
sines, &c. it is unnecessary to say more upon it here. 

68. The Tables never go beyond 45®; for angles greater 
than 45®, the sines, tangents, and secants are determined by the 

\ 
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coflines, cotangents, and cosecants of tbe complements which 
are less than 45*. Thus for sin 60^ . 9" • 40^" we take out the 
value of cos 29^ . 50' • Sto". The arrangement of the Tables saves 
even the trouble of calculating these complements. Thus the 
pages containing the values of the Trigonometrical Ratios of 
angles from 29^ to 30^, are marked 29^ at the top, and have 
on the left a descending column of minutes; at the bottom 
thej are marked Wj and have on the right an ascending 
column of minutes ; and those columns which are marked sin, 
tan, sec, at the top, are marked, respectively, cos, cot, cosec, at 
the bottom ; so that here, and in general, by consulting the 
descriptions of the columns at the top of the page, and the 
descending column on the left for the minutes and seconds, we 
take out the sine, cosine, be, when the angle is less than 45* ; 
when it is greater than 45*, we consult the descriptions at the 
bottom of the page, and the ascending column on the right for 
the minutes and seconds. 

69. Since the sines and cosines of all angles are less than 1, 
the sines of small angles, and the cosines of angles a little less 
than 9fj are very small quantities; and when expressed 
decimally th^ will have one, two, or several cyphers between 
the decimal point and the first significant digit. To obviate 
the inconvenience of printing these cyphers, the real values of 
all the Trigonometrical Ratios are multiplied by 10000, or the 
decimal point is moved four places to the right. Thus in the 
column marked N. Sine in the Table for 29^, we find the sines, 
or natural sines as they are called, printed with four places of 
figures before the decimal point To deduce the real value of 
any Trigonometrical Ratio of an angle from its tabular value, 
we must remove the decimal point four places to the left. 

Diieei eslciilstkm of the sines and codnes of certain angles for the Verifica- 
tion of the TaUes. 

70. As an error which at first affects only the decimal 
places of a high order, may, in the long series of operations 
necessary for computing a Table of sines, at length affect the 
decimal places of a much lower order, and therefore produce 
a considerable error in the last results ; and as any error of 
calculation will be transmitted through all the succeeding re- 
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suits, we perceive that it is impossible to presenre the same 
number of decimal places exact to the end, which we prove to 
be exact in the value of sin ICT, at the outset. In order there- 
fore to check any error of calculation, and to ascertain the de^ 
gree of precision upon which we may reckon in the Tables, we 
shall now shew how to find expressions for several sines and 
cosines from which we can obtain absolute approximations to 
their values ; then the decimals which are common to these 
values, and to the tabular values of the same sines and cosines 
furnished by the above successive calculations, will indicate with 
certainty the decimals which we may look upon as exact in the 
latter, and in the intermediate tabulated results. These veri- 
fications may be best obtained by calculating the sines and 
cosines of all angles from 0* to 90^, at intervals of g^. 

71. To find the value of sin 18*. 
Let A denote 18®, then since 

sin 39 » cos (90^ - 36") » cos 5^, 
sin2^ ■* cosS^, 
or 2 sin j< cos J a cos 2^ cobA —sintj mA 

B (1 - 8 sin* j<) cos^ - 2 sin* AcobA^ 
and dividing by cos A^ we get 

4sin*^ +2sinil « 1, 
therefore, solving the equation, 

« . 

sm A i« — I > — , 

4 

and since sin 18® is a positive quanUty, 

sin 18® - cos 72* « ^ {y/s - 1). 

73. With this value of sin 18® we find successively 

6 - 2\/5 

cos*18®«l -sin*18®al -5—, 

16 • 

or co8t8*-sin73*«^\/lO + S>/5; 



\ 
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COS56*- 1 -«8inM«»-l -« — r^^^t 

10 

or oo8S6*-8in54*«^(\/5 + l), 

/ 

sin 36* - cos 54^ a \/l - co8« S9 - J \/l0-2\/5. 

73. Also, substituting successively the values of sin IS*, 
sin 54^ in the formulae which give sin — and cos -^ in terms of 
sin ^, Art 48, we get 

sing* - i\/s + \/5 - i V^ - a/s. 



cos 9» - J \/s ^ \/5 + i V^5 - \/5, 
sin 27* - i V^F+V^ - J a/s - \/5, 

cos 87* « i V^5 + \/5 + i\/s - y/s. 

Hence, recalling the value of sin 45^ « -j^ \/s, we have the 
sines and cosines of 0^, gP, 18*, 87*, 86*, 45*; that is, the sines 
and cosines of all angles from 0* to 90^ at intervals of 9l*. And 
as their expressions are sufficiently simple, and contain only 
square roots, we may obtain their values with as many exact 
decimals as we please, and employ them to verify the tables of 
sines and costnet. 

74. On account of the simplicity of the expressions for 
sin 18* and sin 54*, the following formulae may be constructed 
with them, which are peculiarly fitted to verify the tables, as 
they require only the operations of addition and subtraction. 

nn (86^ + ^) - sin (36*- ^) - 2 COS 86* sin J « ^ "^^^ sin J^ 

« 

Mn(7«' + uO - sin (7S» - -i) - UmlffrnkJ^^^^-^^OaA, 

therefore, subtracting and transposing, we get 

un A + an {7if + A) - nn (72* - J) w. an {S9 -^ A) 

-an(a^~A). 
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Again, 

1 +v^ 
cos {89 + i<) + COS (Sff -^)B8oo8 36*ooSila — cos J, 



j.zl±v5 



COS (79^ -I- J) + cos (72*--i) « 2co8 TS'cos-i Z—cmJ^ 

therefore, subtracting and transposing, 

cos J + cos (72* + J) ^ cos (72* - J) « cos {Sff + -^ 

+ cos (Sff -A). 

Giving any value to ul in these formulae, we get a relation 
between the sines or cosines of a certain number of angles ; 
which will be satisfied by the tabular values of these sines and 
cosines, if the tabular values be correct 

Logarithmic Tables of sines, coainfii^ fte. 

75. In practice it is far more useful to have the loga- 
rithms of the numbers which express the Trigonometrical 
Ratios, than the numbers themselves. As the sines and 
cosines of all angles, and the tangents of angles less than 45*, 
are less than unity, their logarithms are negative ; and in order 
to avoid the introduction and use of negative quantities, the 
logarithms of the Trigonometrical Ratios are all increased by 
the addition of the number 10, and are so registered in the 
tables of log-sines, log-cosines, &c. In the adaptation of for- 
mulae involving sines, cosines, &c to logarithmic calculation^ 
the tabular or augmented logarithms, which we shall denote by 
the symbol L, are always understood ; so that when we have 
obtained a logarithmic equation expressed by real logaridims, 
we cannot proceed to calculate from it by the aid of the tables, 
until we have first replaced log-sin J, log-cos J, he by 
{LAxkA-- 10), (Ir cos jtf - 10), Sec 

76. In making use of the Tables of log-sines, log-cosines^ 
&c. for purposes of actual calculation, the two main problems 
which arise are (l) Any angle being assigned, to find by 
means of the tables, its log-sine, log-cosine, &c ; and (8) A 
log-sine, log-cosine, &c. being given, to find the corresponding 
angles, 

\ 
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If the proposed angle consist of degrees, minutes, and a 
multiple of \^\ , then its log-sin, log-cos, &c may be taken 
directly out of the tables ; but if the number of seconds be not 
a multiple of 10, we must have recourse to differences, and 
must make calculations precisely similar to those indicated in 
treating of the logarithms of numbers. This amounts to con- 
sidering the differences of the log-sines, log-cosines, &c. of any 
angles, as proportional to the differences of the angles ; and 
this proportion, though inexact, gives in general a sufficient 
approximation. 

77* "^^^ following Examples will sufficiently illustrate the 
mode of proceeding in the first Problem, which is : 

To find the log-sine, log-cosine, &c. of an angle not exactly 
given in the tables. 

Ex. 1. To find log-sin 9. m\ 87^,8. 

The tables give for the angles between which the proposed 
one lies, 

log sin ff. SSt\ so" » 9*0566218 

log sin 6". 82'. 40'' - 9*0568054, 

the difference of which is 1886 (the last figure being a decimal 
of the seventh order) ; if therefore x be the quantity to be added 
to the former logarithm to give log-sin 6^. S9f» 87^,8, we have 
the proportion 

10 : 7-8 :: 1886 : w^ 

.\ X m 188-6 X 7-8 - 188-6 x 7 + 188*6 x '8 

« 1S85*« f 146-88 m 1482-08, 

.-. log sin 6^. 82'. 87^^,8 » 9*0566218 -^ -000148208 

-9*0567650. 

The calculation may be conveniently arranged thus : 
log sin 6^. 82'. S&' (diffl for lO'^ 1886) » 9*0566218 

* • 

for 7" (188-6 x 7) - 12852 

for 0",8 (18-86x8) «- 14688 



.•. log sin 6*. 82'. 87^,8 « 9*0567650. 
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And we see that here, and in all other cases, as far as tens- 
of seconds, we take the log. directly out of the Tables'; for the 
units of seconds we add in the product of the given difference 
for 10'' by those units, setting it one place to the right ; for the 
tenths of a second we add in the product of the diff. for 1(/' by 
those tenths, setting it two places to the right ; and so on* 

Ex. 2. To find log-cos 83*. vf. 22^8. 

log-cos 83<». 2/. so'' (diff. for lo'' 1836) « 9*0566218 
for -7" - 12852 

for -0"-8 « 14688 

' I 

.-. log-cos 88®. 27'. 22",2 - 9-0567650. 

In this case, since the cosine and therefore log-oos is 
increased as the angle is diminished, we take from the tables 
the angle which is next greater than the proposed angle, and 
subtract the seconds from the angle, whilst we add the differ- 
ence to its log-cosine. The same course must be pursued for 
log-cot and log-cosec. 

Ex. 3. To find log-tan 8*. 13^. 52^,76. 

log-tan 8^ 13^. 50'' (diff. for lO'' I486) « 9'l60^3 
for 2" - 297^ 

for p%7 - 10402 

for 0",06 - 8916 



• * 



log-tan 8*. 1»'. 52'576 - 9'l603493. 

Ex. 4. To find log-cot 81^ 46^. 7^,24. 

log-cot 81^46^. 10'' (diff. for lO" I486) » 9*1603083 
for -2" « 297« 

 

for - 0",7 - 10402 

for' -0'',06 - 8916 

log-cot 81». 46'. 7^24 « 9-1603493. 

\ 
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' 7& ^« n<>^ ^^^ ^ ^^^ second Problem, which it: 
Haying given a log-rin9.1og^«o8| See. to determine the angle. 

Ex. 1. To find the angle whose log-sin is 9*0567650. 
In the tables the log-sin immediately inferior is 

log-sin 6^. Sa^. so" - 9*0566218, 

the difference between which and the given logarithm is l4SStf 
and the tabular difference for l(f\ that is, the difference 
between log^in G^.S2\S(f' and log-sin 6^.8S^40'^ is 1836; 
hence, if n be the number of seconds to be added to 6P,S^\S€r 
we have the proportion 

n : 10 :: 1482 : 1886, 

14820 1468 

.% n - 7 + — ^ - 7*8, 

1886 1886. 

.*• the required angle is 9^. 82'. 8/\8. 

The calculation may be conveniently arranged thus: 

log-sin J « 9*0567650 

for 9-0566218 (diff. for 10^ 1886) 6*. 82^. 80^ 
1st rem. 1482 . 

for 12852 /* 

2nd rem. 1468 

for 14688 0^,8 

.\ the angle ^ « 6^. 82'. 87^,8 

And we see that here, and in all other cases, taking the 
nearest value in the Tables, we get the angle as far as tens 
of seconds, and, subtracting, a first remainder; next taking 
that multiple of the difference for 10^ which when set one 
place to the right is next less than the first remainder, we 
get the units of seconds, and, subtracting, a second remainder; 
similarly, taking that multiple of the difference for 10^ which 
when set one place to the right is next less than the second 
remainder, we get the tenths of seconds^ and so on. 
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Ex. 2. To find the angle whose log-CM U Q-OSOlSSO. 

1 

4 

log-450S A « 9-0567650 

for 90568054 (diff. for 10^ 1836) 8S*. «/. 2<^ 

1st rem. 404 

for 3672 ^ 

2nd rem 368 

for 3672 ^9^ 

_ 

.: the angle ^ - 8S», JW*. ««",8 

Ex. S. To find the angle whose log-tan is 9*l60M9«- 

log-tanJ a 9*1603493 

for 9-1603083 (diff. for lO" I486) 8*. IS'. 50^ 

l8t rem. 410 

for 2972 ^ 

2nd rem. 1128 

for 10402 OV 

3rd rem. 878 

for 8916 O^fOe 

.-. the angle J - 8». 13^. 5«^,76 

Ex. 4. To find the angle whose log-cot is 9*1603493. 

log-cot ^ - 9-1603493 

for 9-1604569 (diff. for lO" I486) 81*. 4^. of 

^Istrem. IO76 

for 10402 . T^ 

2nd rem. 358 

for 2972 <^.« 

3rd rem. 6O8 

for 5944 0^04 

.'. the angle A - 81*. 46'. 7^;i4 



60 



As examples of finding the logarithms when the angle is 
given, and vice verai, the following results may be verified* 



L Sin 

B 9'9S58894 
Diff. for 10';i24 



LCot 

9-7088130 

9*7088204 

Diff. for 10'',859 



LTaa 

10*2820795 

10-2820690 

Diff. for 10';488 



L Cot 

9*7679205* 

9*7679810 

Diff. for 10';488 



79. It may be worth whOe to give here an exact investigation of 
the above rules for finding the vslues of the sine^ cosine^ log-sine, 
log-co8y &c of an angle not exactly given in the tables ; espedslly as 
it will shew desrly (which b a point of considerable practicsl imports 
ance) the cases to whidi diose rules are inapplicable. 

We have, by the fonnulae of Arts. 49 snd 56, 

sin (9 4- A) - sin s on cos A + cos (^ sin A - sin i^ 

s cos tfsin A - sin (1 - cos A) 

sCos(^sinA fl-tan^tan-j ... (1), 

eos(^-A)-cos0a8in(^sinA-cos0(l -cosA) 

asin0sinAri-cot9tan-j ... (2), 
^(^■'•*)"*^^"cos(aTA)cosa"cos*(>cosA(r.tan*tanA) 



sec*0tanA 
1 -tan^tanl 



(«> 



Now suppose A to be the circular measure of a small angle of 
about 10^, then, as has been proved, to about twelve places of deci- 
mals, sin A and tan A are bodi equal to A, which is a small quantity 
less than *00005; therefore, provided tan (^ be not very large in (1) 

and (3), nor cot6 very large in (2), tan 6 tan - may be n^lected in 

(1) in comparison with unity, and similarly for the others; and the 
above results become, in a state sufficiently accurate for the Tables 
whidi it b necessary to us^ 

sm (9 •»- A) - rin 1^ » A cos ^, 

cos(0- A) - cos9 - A sin 9, 

tan(94.A)-tane«A8ecP9. 
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Similarly, it may be shewn that 

8ec((^-f A) -see ^« Atan (^tec ^, 
Got(^-A)-oot9sAoo8ec'^, 
cosec(9-A)-oogsec0sAcot(^coaecl^. ' 

 

80. Henoe if we denote by y*(Q any one of the quantities sin $, 
cos 6, &c. we have 

/(0*A)-/(«)-^* (♦) 

(taking the npper or lower sign, according as the Trigonometrical 
Ratio denoted hyf{S) increases with the angle, or die contrary) 
where P depends only on and does not inyolve A ; a result which 
shews that all the Trigonometrical Ratios increase or diminish um« 
formly with the angle, provided the whole increment of the angle be 
small, and the angle itself not in the excepted cases, L e. not near 90^ 
for the sine and tangent, and not near aero or 18(f for the cosine and 
cotangent* 

81. Now suppose A to be the circular measure of 10^, then 

/(•-*)-/(«)-'*; 

but fip ^ A) -f^O) is immediately known from the tables, if they be 
for every 10^, and is the quantity registered in the column marked 
Diffl, let it be denoted by D. Also let the value of the angle • in 

degrees, &c be A, and the value of A in seconds be n, then Pm-r, 

k n 
and T » Y^; therefore, substituting in (4), we get 

which expresses that if il be an angle given in the tablesj, then to find 
the sine, cosine, &c. ot A^UpWe must increase sin il, cosil, && by 
a quantity which is to the difference for 10^ as » to lOi ^ 

82. From this, the solution of the converse Problem immediatdy 
follows; for we have 

— ]Ji/(^*«)-/(^}. 

which expresses that to get the angle corresponding to a given value 
f(A A n), lying between the two tabular values /{d) and/(J -I- ItfJ, 
we must increase or diminish Ahj m number of seconds whidi is to 
10. as the excess of the given value above^ (if) is to the tabular diiTer- 
ence for 10^. 



\ 
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m 

83. Exactly in the same manner we must proceed with the 
log-sin, log-oo6» &c 

For, /(a* k) ^fiff) + Ph gives /*, being the modulus of the com- 
mon sjstem, 

log/(« * *) = log/((0 + log (l +^) 

= log/(«) + J^. veiy nearly (Art. 88, App.).. • (5) 

...log/(»-.*)-log/(«)+^. 

But log/((>*i()-log/(0) U the difierence given in the tables 
= 2 suppose, so that 77^ » t- Hence, substituting in (5), and re- 
placing and A by their measures in degrees, and in seconds, re* 
spectiyely ; and remembering that t » r^ » we get 



k 10 
log/(^*i.)«log/(^) + ^8, 

and n-y {log/(.l-.ii)-log/(^}. 



which are nothing more than the algebraical expressions for the Rules 
followed in the examples of Arts. 77> 78* 

For die particular case of log-sin, the steps would be 

sin ((^ + A) a sin (^ •»- cos 6.A, 
.-. log sin ((^ + A) 8 log sin (^ + log (1 + cot (^. A), 
or log sin (0 + A) — log sin (^ B /A cot (^. A. 

Now suppose AbA, then Ss^cot^^.A, or ftcot^^sS-f-A; 
.*. log sin(il + ») -log siuif a> 2 A a —2* 

84. It may be observed that the same differences are common to 
log-tan and log-cot. For 

t«.^-^, 

* 

•*. log-tan if s- log-cot il, 
log-tan.(il + 10") » - log-cot {A + 10^) ; 
.-. log-tan (if + 10") - log-tan A^-[ log-cot {A + 10") - log-cot A }. 



• .^F*k I.WV . J .1 ■■■III pa ir lit* 



63 

Hence die column of differences is printed between the colnmns 
of log-tans and log-cots, and serves as a column of increments to the 
former, and of decrements to the latter, corresponding to an incre- 
ment of KK' in the angle. The same property may be proved exacdy 
in the same way for the logarithms of any other pair of the Trigono- 
metrical Ratios which are reciprocals of one another* 

85. The expression for sin (0 -f A) — sin'^ shews that when $ is 
nearly a right angle, ib value, and consequently the value of log*sin 
{$ + A) -log-sin 0, is exceedingly small; and similarly the expression 
for cos {0 — h)~ cos shews that its value, as well as that of log-cos 
{B—h) — log-cos B, is exceedingly small when is nearly sero or two 
right angles. Now the degree of accuracy with which we can find 
the angle corresponding to a given value of log-sin A^ or log-cos il, 
lying between two tabulated values, depends upon the magnitude of 
their difference 3. Hence, when an angle to be found is small or 
nearly equal to two right angles, we must avoiddetermining it by its 
cosine ; when it is nearly a right angle, we must avoid determining it 
by its sine ; the reason in both cases being that, for angles of those 
magnitudes, the successive logarithmic numbers are too nearly alike 
to enable us, with the help of tables to only seven places, to obtain a 
precise value of the angle. In fact the cosine of a small angle changes 
so slowly, that it is only when the angle exceeds 2^*, that the addition 
of 1" to the angle alters log-cos by a decimal unit of the seventh 
order; and the same is of course true for the log-sin of all angles 
above 87}** 

Hence, when an angle ^ is to be found from equations of the 
form mA^a, cosilso, 

where a is nearly equal to 1, we may replace them by the equations 

A^ A\^/ l-CM(9(f-A) ^ /l-sin7 /rr 



sin, _ _ , _, _ _, ^ -- « 

S 



. A /i 



-cos 
sm- 




which are free from the inconvenience attending the original for- 
mula. 

86. Since when an angle A is less than 45*, the variation of its 
sine produced by a given variation in the angle, which is proportional 
to cos At is greater than the variation of the cosine produced by the 
same variation of the angle, whidi is proportional to sini<; and vke 
versi when the angle is greater than 45*; we dnay expect to obtain an 
angle less than 45* with greater numerical precision when determined 
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by its sine Ihjui when determined by its cosine ; and an angle greater 
than 45% with greater precision when determined by its conne^ than 
when determined by its sine. 

87* Again, the expression for tan (^ -f A) - tan shews diatwhen 
$ b nearly a right angle, its vidae b very large, and far from in- 
creasing in the same proportion as k, because the term tan $ tan A in 
its denominator cannot be neglected. Hence, when an angle to be 
foond is nearly equal to a right angle, we must aroid determining it 
by its tangent; because for angles of that magnitude the variations in 
Ae successive logarithmic numbers are &r too irr^ular to allow us 
to employ the common principle ci the increment of log-tan being 
proportional to the increment of the angle. In fact we find in the 

tables 

L tan BSr. 59^ - 1S-2S524S8 

L tan 8y. 68'. !(/'= lS-2780d«4 '^"' ^^^^^' 
L tan 89*. 58'.20^» I3-3144£5] ^*' ^^^997s 
where the differences are not nearly equal. 

Hence, when an angle il is to be determined from an equation of 
the form tan A^a, where a is considerable, so that 4 is nearly 90^, 
we must replace it by the formula 

^ f^ ^«^ tan -4-1 «-l 

tan (^-450": 1 — r- — r; 

^ ^ tanJ-i-1 a + 1 

for the angle determined isil - 45*, which does not differ mudi from 
45*; and for that value of the angle, the increment of the log-tan is 
nearly proportional to the increment of the angle. 

8& Supposing A so small diat we may put sin As A, tan^A^^A, 
we have from Art. 79 

sin(9-»-A) , /. _^ii 14^ 

or l4^nn(9 + A)-logsin0a|tAcot0-4|tVc(Me^i. 

If dierefore B be very small, and consequendy cosec $ yetj larg^ 
in order that the second term may be neglected A must be exceedingly 
smaD. On diis account it is necessary, for the first five degrees of 
the quadrant, to have die Tables of log-sin. See. computed to every 
second. With the ordinary Tables we cannot determine a voy small 
angle tram its log-sine, and vice versd; because in diose Tables the 
principle that the increment of log-sin is proportional to the increment 
of the angle, does not hold. 



SECTION IV. 

SOLUTION OF TmiAHOLBS. 
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89* Ih what foUows, we diall denote the angles of triao- 
glet by the letters A^ B, C, placed at the angular points, and 
the ddes respecdTeljr opposite to them by a, &, e. If the tri- 
angle be right-angled, then C shall be the right an^e, and c the 
hypothenuse. We shall first demonstrate the fundamental Pro- 
positions on which the solution of rectilinear triangles depends. 

In a right^ngled triangle, the side opposite to an acute 
angle is equal to the hypothenuse multiplied by the sine of the 
angle ; and the side adjacent to an acute angle is equal to the 
hypothenuse multiplied by the cosine of the an|^ 

For if ABC (fig. 5) be a right-angled triangle, and A one 
of its acute angles to which the side a is opposite and the side 
b adjacent, 

smJs-, .\ a^efsmAf 
e 

cosJs-, .*. fr — coosJ. 

e 

90. In a right-angled triangle, the side oppdate to an acute 
angle is equal to the other side multiplied by the tangent of the 
angle ; and the side adjacent to an acute angle is equal to the 
other side multiplied by the cotangent of the an^^ .\ 

For tan J a-, .«. a«frtani(, 

6 

. cot ^ « - , .'. 6 « a cot jf . 

a 

91. In any triangle, the sines of the angles are to one 
another as the sides opposite. 

Let A and B be any two angles of the triangle ABC (fig. 
18), and as one of them is necessarily acute, let it be Jff ; and 
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according ai the other angle J is acute or obtuse, draw CD 
perpendicular to BJ, or BA produced. 

If the perpendicular fall within the triangle, the two right- 
angled triangles JCD, BCD, give 

CD^bmJ, CD'^amBf 

sin A 
••. btAnJ »a sin J?, or -: — ;; - - . 

' sini? b 

If the perpendicular fall upon the side BA produced, the 
triangle ACD gives CD-^b sin CAD - b sin CAB « 6 sin J, 
because CAD is the supplement of CAB ; and the triangle BCD 
gives, as before, CD « a sin J9 ; therefore, in this case also, 

sin A a 
vmB b 

If J a go^, we still have, in conformity with the theorem, 

tm Bm 

a 

93. In any triangle, the square of any side is equal to the 
sum of the squares of the two other sides, diminished by twice 
the product of these sides and the cosine of the included angle ; 
that is, 

Let ABC (fig* 18) be any triangle, and as one of the angles 
A^ Bj must be acute, let it be J7, and according as the angle A 
is acute or obtuse draw CD perpendicular to BA^ or BA pro- 
duced. 

When the angle A is acute, we have (Euclid, II. 18.) 

-»(?- JC + JB*-«JJ?x ADy 
or a*-&^+€^-Sex AD, 

but from the right-angled triangle ADC^ AD « 6 cos j<, 

.*. a* « t^ -I- c^ - S&e cos ^. 

When the angle A is obtuse, we have (Euclid, II. 18.) 
' ^^V^ff^StABy^AD, 
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but the triangle CAD pret 

AD^bcosCJD'"'bcoBCJB^ -bcosJ^ 

because CAD is the supplement of CAB\ therefore, in this case 
alsOy 

a* « t^ + c^ — 2fre cos X 

If J s 90^, we still have, in conformity with the theorem, 

93. HencCf whether ^ be an acute, or the obtuse angle of 
a triangle, we have 

COS^a . ; 

26c 

or the cosine of any angle of a triangle is equal to the fraction 
whose numerator is the sum of the squares of the. containing 
sides diminished by the square of the opposite ride, and deno> 
minator twice the product of the containing Mea/ 

94. As was before stated, in a triangle there are six parts ; and if 
values for any three be given (one of them being a side), and it be 
possible for a triangle to be constructed with such values, the other 
parts may be determined. The cases of impossibility are (1) when 
two angles are given having their sum greater than 18(f ; (2) when 
three sides are given of which one is not less than the sum of die 
other two ; and (8) when two sides and an angle opposite to one of 
them are given, and the sine of the angle is greater than the ratio 
which the side to which it is opposite bears to die other given side. 
The two first cases are evident from Eudid. For the third, make at 
the point A in the indefinite straight line AB (fig. 19) xBAC equal to 
the given angle, and AC equal the given adjacent ride, and draw 
CN perpendicular to AB; then CN » AC sin A, whidi must be less 
than the other given side, otherwise a cirde described from centre 
C with radius CB equal to that side, will not meet AB, and die tri- 
angle will be impossible; hence AC rin A must be less than C& 

If the three angles only of a triangle are given, we cannot deter- 
mine it in magnitude, but we may in species; for the theorem of 
Art 91 will enable us to determine the several rados of its rides to 
one another* 

95. If by the formula of Art. 92 we form expressions for cos B 
and cos C similar to that for cos A, we shall have three equations, by 
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means of which we may detennine three of the six parts of a 
when the other three are known; exdudingof course the cases where 
the triangle is impossihle, or the three angles only are given. Simi- 
larly, from the theorem of Art 91, which we shall see hereafter to be 
a oonseqaencft of the one just mentioned, we get the equations 

sinil a sinC c 

by means of which, together with the relation A-h B -h C'* ISff, we 
may determine three parts of a triangle when the other three are given. 
As however the above formula for cos A is not convenient for loga* 
rithmic computation, (for to be convenient for logarithmic computa^ 
tion, a formula must be compoied of factors whidi require only ad- 
dition and subtraction for thdr computation preparatory to the appli- 
cation of logarithms,) we shall, in the next place, proceed to transform 
these results so as to be convenient for the application of logarithms ; 
and to give particular modes of solution adapted to the several par- 
ticular cases. 

Sdntion of light-aoc^ triang^ 

96. In order to solve the triangle, two other parts in ad- 
dition to the right angle must be given, one of them being a 
aide ; hence there will be four cases, the data in them being, 
respectively, the hypothenuse and an angle ; a side and an angle ; 
the hypothenuse and a side ; and the two sides. 

97- (1) Havbg given the hypothenuse c, and an angle Af 
to find the other angle B, and the sides a and 6 (fig. 5). 
First, we have B^gcf^ Ai also 

-mnnAf - mco%Ai 

e c 

.*• ascsinj, fr«ecosJ; 
or, in logarithms, 

loga^logo+Lsin J -10, logbalogo-l-JLcos J-»10; 

• 

where, by L sin ^, £ cos jI, are meant the augmented logarithms 
as furnished by the tables (Art. 75), exceeding the real loga- 
rithms by 10 ; and which, as before stated, are invariably to be 
used in formulse prepared for calculation by means of the tables. 
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98. (S) HaTing giveD a nde a, and the angle oppodte to it 
J^ to find the other angle B^ the ade &, and the hypothenuae e. 

First, we hare S » 90^ - ii ; alao 

-«nnJ, -stanJ, 

c o 

.*. C — -; — ;• — acot^, 

sin J 

which may be put into logarithms, as above. 

If the tables contain L cosec, we must determine e from the 
equadon c^a cosec A^ as it requires only the addition of loga- 
rithms. 

99. (3) Having given the hypothenuse c, and a side a, 
to find the remaining side &, and the two an^es. 

First, we have 

••. b m y/(c + a) (c - a), 
a form adapted to logarithmic computation ; also 

sin if a - , and J? -> 90^ - J. 
e 

If we begin by finding the angles, we may obtain b by the 
formula 6  c cos if. 

100. (4) Having given the two sides a and 6, to find the 
hypothenuse e, and the angles. 

First, we have 

tan^-^, andjB-90^- J; 
o 

then e is obtained by the rdation 

a 



mA* 



oremacoeecA* 



We may also find c directly by the reUtion c » -^o* + V ; 
but OM a^-^-V cannot be resolved into factors, this formula is 
not suited to logarithmic computation, and it is better to obtain 
e from the value of A previously found. 
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101. In all the above cases, when the angle sought is either very 
small, or nearly a right angl^ and is to be determined by a formula 
which for that particular value of the angle is incompetent to furnish 
great numerical accuracy, the formula must be transformed into an- 
other free from that defect, in the mode explained at Arts. 85 — 87* 

The above methods may be verified upon the sides and angles of 
the following triangle: 

a = 1540-374 log a » 3-1876^62, 

b » 902-708 log b = 2*9555475, 

e » 1785-895 log c » 3-2517848, 

Ltia LoM Ltan 

^ = 5^. 37*. 42^ I 9*9858919 | 9-7038132 | 10-2320786. 

Solution of oblique-angled triangles. 

102. Since we must have three parts given, one of which 
18 a side, there will be only four distinct cases, the data in them 
being, respectively, two angles and a side; two sides and an 
angle opposite to one of them ; two sides and the included an- 
gle ; and three sides. 

103.. (1) Having given a side a, and two angles, to find 
the other parts (fig. 18). 

Subtracting the sum of the two known angles from 180^, we 
find the third angle. We then find b and e from the equations 

- sin £ sin C 

6-a-; — T, ema-. — -; 
sin A sm A 

or, in logarithms, 

log6«loga + L8in£-Ir8in^, logcaloga-i-/:r8inC-Z.sin J, 
the tens destroying one another. 

104. (2) Having given two sides a, 6, and the angle A 
opposite to one of them, to find the third side c and the two 
other angles. 

We must find the angle B from the relation sin B « - sin A : 

a 



then 



C-180^-(^ + l?), andc-a^^ 

sin^ 
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105. In this case, whenever the given angle is acute, and 
the side opposite to it is less than the side adjacent to it, there 
wfll be two triangles which have the data of the Problem. 

At the point A (fig. 19) in the indefinite straight line AB^ 
make the angle BAC equal to the given acute angle A^ and AC 
equal to the greater of the given sides b ; with centre C and 
radius CD equal to the other given side a, let a circle be de- 
scribed ; then it must meet AB^ otherwise the triangle would 
be impossible (Art. 94) ; if it touches AB as at Ny there will 
be only one triangle answering the conditions, viz. the right- 
angled triangle ACN; if it cuts AB in two points A, ^, which 
must both be on the same side of A (since CB < CA) there 
are two triangles, viz. ACB and ACB^ which have A, a, 6, 
common ; and the angles ABC, AB^C are supplementary to one 
another, since CB'B - CBB. 

But if the given angle be obtuse, or if, the g^ven angle 
being acute, the side opposite to it be greater than that adja- 
cent to it, the points in which the circle cuts AN will be on 
opposite sides of A (fig. SO), and only the triangle CAB will 
have the proposed data; for the triangle CAB^ will have the 
angle CAB^ « 180^ — A, instead of the given angle A. 

106« This also appears firom the formnlse of solotion ; for if Jtf be the 

value ciB less than 90* which satisfies the equation tinB =» -uaA, 

the equation is equally satisfied by the obtuse angle 18(f - 3f for the 
value cf J9. <- 

Now if il be obtuscj B must be acute, and M is the value to be 
taken, and there is only one solution; and in order that the triangle 
may be possible, a must be greater than A. 

Again, if il be acute, and a > ft, il is greater than B; therefore B 
is acute, and M is the value to be taken, and the triangle is always poa-> 
sible. 

But if il be acute, and a < 6, then A < B, and this condition is 
satisfied both by the value M, and lS(f - 3f, for B; for, JIf being the 



value of B less than 90* which satisfies sin B « - nn il, il is less than 

M, and a fortiori less than 180*— M, since Af is an acute angle ; conse- 

quendy there will be two solutions, provided unBm ^bea 

possible equation, or a > ft sin J. 
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The above methods may be Terified upon the sides and angles of 
the fidlowiiig triangle. 

a a 9459*31 log a a 8*9758593, 

b - 8082*29 log 6 a 8'9M8894^ 

ca824S*58 log c a 8*9160682, 

A a 71*. 8^. S4f L nn il a 9«9758250|p 
B^S3^.5tff.</',8B L 9in B ^ 9-9048049, 
C a 55*. 8(/. 24^16 L sin C a 9-9160287. 

lOy. (8) Having given two sides a, 6, and the included 
angle C» to find the other two angles, and the third side. 
We have 

a dn^ 

a-fi sin j| -I- sin jB 
4 sinA 

a — 6 sin ^ — sin J9 

~b^'' STb • 

a + fr sinji + sinjB 
a — 6 fiinJ— sinJB* 

But (Art 58) ---2 r-^- l\j Ji i 

^ ^smJ-sinB tan^(J-.J?) 

g + > tan^(^-t- JB) 
•*• a-6"tani(J-i?)* 

buti(J + ll)-9C^-^, 

and •*. tan 1(J -I- jB) « col — 9 

2 

.% tanl(il-J?)«^LZ.oot-» 

which gives ^ (if - B) ; and since ^ (jI + ^ is known, we have 

J-i(^ + 2l)+i(^-10 anda-i(J + J?)-i(J-.B); 

and then c is known from the equation 

sinC 



lOS. DiTiding the last equation by equatioii (1) we find 

e rinC 

a + 6 mA-^anB* 

But an C >■ S on — ooe— , 

and mJ-{-t&aB''ftan^(J-¥ £)o(m|^(J - J?) 

« 2 cos - coa^(^ - H); 

(a + &)sin- 

•• """cosiCJ-lf) ^^^ 

a formula which wfll give c by the aid of only two additional 
logarithms (instead of three which equation (2) requires) onoe 
log (a -I- &) is already employed in the process. 

109. When two sides and the included ai^Ie are giTen^ 
the third nde c has been found only by meansof A and B pre- 
viously determined. It may howerer be found directly from 
the formula 

c^« i^-f ft*- 8aftcosC» 

which must be adapted to logarithmic computation by means 
of a subsidiary angle. Among the different transformations 
which this formula may undergo, the following is the most 
markablfe Since 

oo^ — + aif — " 1* And cot^ — — mf — « cm C. 
- (a + &)• rin* ^ + (a - fr)'oo^^ 



(a + 6).«n.f{. + (|^cot^} 
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Now since the tangent of an angle maj have any magnitude 

^ a-J C 
let tan A  r cot — , 

then c « (a + 6) sin -- \/j + tan' 

(a + 6) sin - 

solution only differs from the former one in appear- 
ance ; fo^ since ^ is equal to -j^ (^ «- JB), this value of c is 
identical ''^with that furnished by equation (S). 

110. If it should happen (as is often the case in practice) 
that a and b are known only by their logarithms, and that the 
angles A and B alone are required, then, instead of first finding 
a and b from the tables which the employment of the formula 

(J -5)- rCOt- 

^ < a + 6 « 

would require, we may proceed thus. 

Let be a subsidiary angle determined by the equation 

b 
tan « - , or £ tan - 10 « log 6 — log a, * 

a — 6 a 

then  ' - « .  tan (45* - <b)% 

1 + - 

a 

.\ Un ^ (^ - £) « Un (45* - 0) cot -. 

By this process for finding ^ (^ - B)^ there are two 
rithms fewer employed than if we first determine a and b. 

111. (4) Having given the three sides, to find the angles. 
We have (Art 9S) 

COS J m - 



86e 



f 



:^.>/5E55E3 



•••''°»-v ;; (1). 

A 
Although the angle ~ it determined by iti sine» there can 

be no ambiguity ; for A^ being the angle of a triangle, is leit 

than 180^, and therefore ^ less than 90^. 

112. With equal facility may similar expressions for cos •- 



8 



and tan — be found. For 

.A ^ ft^ + c^-a 

«oor— - 1 +C0Sjf •! -f ; 

2 we 

26c " «6c 

(g -I- 6 + c) (6 -f c - g) 2«.2(t-g) 
86c 86c 
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which gives J, and by similar fonnulse may B and C be deter- 
mined. But we must endeavour to find other formulse more 
convenient for logarithms. 

First* w^ have i 

A ' 

8 sin*.— » 1 — cos A^ \ 

and substituting for cos^A its value, we get successivdy | 

8sin*-»l ; 

8 86c I 

26c 86c 

(g + 6 - c) (g - 6 -I- c) 

" 86c '^ 

\. «n^ ^/ (gH-ft-c)(g-6>fc) 
•'. sin — — 'V , . 

8 ^ 46c 

^^ To simplify this, let half the perimeter of the triangle be 
^l^oted by «, so that g + 6 + o ■> 8t, 

'^ .'. g + 6 - c « 8 (a - c), g - 6 -I- c « 8 (a - 6), 
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AlsOy dividing (1) by (2), we get 

Un^yC^^W^ (3). 

113. As each of these formulse requires four logarithms 
for its computation, when we want to find only one angle of a 
triangle, there is no reason for preferring one to another, except 
that when ^A is nearly go^, we must avoid determining it by- 
its sine or tangent, and when it is very small, we must avoid 
determining it by its cosine; and that when -|'^ is l^s than 45^, 
the tables will determine it from its sine with greater precision 
than from its cosine ; and frice versd when -j^ ^ is greater than 
4j^ (Art 85 — 87)* When however we want to find two angles, 
the formula for the tangent of half an angle is to be preferred, 
as we shall need only the four logarithms of «, «-a, «— &, «— e; 
whereas using either of the others, we shall need six logarithms. 

114. A triangle, as we know, cannot he formed with three given 
side^ miless the sum of any two be greater than the third. This also 

appears from the preceding formulae. Thus, taking rin' ~ » ^ — ^ ^ , 

suppose i > a -f c; .'. 26 > 2« <Nr # - i is negative, and 2« > 2 (a -i- e), 

. A . 
or « - c> a, and is therefore positive ; the value of sin ^ is therefore 

imaginary; and similarly it may be shewn to be imaginary supposing 
c>a + &. If a>&-i-c, tfaen«>& + c; 

.*. #-i>c, i-c>6, .% (#-6)(t-c)>ftc, 

or the value of sin ~ greater than 1, which is absurd. If i or c be 

SB 

supposed equal to the sum of the two others or to «, the value of 

sin — is evidently sero; ifas&-i-c»#, the value of sin— is 1; this is 

• z 

what ought to happen, as the triangle is reduced to a straight line. 

115. Taking twice the product of the values of sin ^A and cos ^A, 
we find 

As this formula requires seven logarithms, it is not convenient fiir 
the calculation tt A. It shews that is a symmetrical expression 
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in terms of a, b, c, that is, remains the same when a, b, e are inter- 
changed in anj manner; therefore, we have 

sinil _^ sin J8 _ sin C 
a 5 ~ c 

conformable to the theorem of Art 91, which is in this way perceived 
to be a consequence of the theorem of Art 92. The latter theorem 
gives the above value of sin^l immediately, but unresolved, into 
factors, via. 

26csin/l = 746V-(6*+c«~a*/«7^a'6*+2a*c«+26V-a*-6*-c*. 

Method of determining heights and distances. 

We shall now give some examples of the employment of Trigono- 
metry in determining heights and distances. The Problems whidi 
occur in practice may generally be reduced to one of the following. 

116. (l) To find the height of an object the foot of which is 
accessible. 

Measure along the ground, supposed horiaontal, a base DE (fig. 81) 
from the foot of the object; and in order to avoid small angles, take 
it of a size neither very large nor very small compared with the height 
PD. Place at E the foot of the instrument for measuring angles^ 
and measure the angle PAC formed by AP with the horizontal line 
AC parallel to DE. Then in the right-angled triangle PAC we 
know ilC and the angle A ; therefore we can calculate PChy Art 98 ; 
and adding this to AE, we shall have the required height PD* 

117. (2) To find the distance of the point in whidi an observer 
is placed from any visible but inaccessible point — 

Measure a base AB (fig. 22) from A the place of the observer, and 
at each end observe the angle which the distance between the other 
end and the object P subtends, t. e. observe the angles BAP^ ABP. 
Then in the triangle APB, one side and two angles being known, 
AP may be calculated by Art lOS. 

118. (3) To find the height ofan object whose foot is inaccessible. 
By measuring a base AB (fig. 22) in any convenient direction from 

A the place of the observer, and proceeding as in the last problem, 
the distance AP may be determined ; then in the triangle PAC, where 
AC is horizontal, AP being known, and the angle PAC observed, 
PC may be determined by Art 97« 

119. (4) To find the distance PQ between two visible but mae- 
cessible pmnts. 
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Measure m base AB ((ig. 23), and at the station A observe the 
angles BAP, BAQ, and at the station B observe the angles ABQ, 
ABP. Then in each of the triangles APB, AQB, we know two an- 
gles and a side, and therefore can compute AP, AQ^ a side of each; 
and if we observe the angle PAQ, or take the difference of PAB, 
QAB, if the four points P, Q, B, A, are in one plane, we shall know 
in the triangle APQ, two sides and the included angle, and can tliere- 
fore compute the third side PQ* 

120. (5) Three objects A, B, C being situated in a horisontal 
plane, to determine a point M at which the distances AB, AC are 
seen under given angles (fig. S4). 

Since the angles AMB, AMC are known, if we describe on AB a 
sqpoaent containing an angle equal to the former, and on ACiL seg- 
ment containing an angle equal to the latter, the circles will intersect 
in A and in 3f, and M will be the point required. But this con- 
struction being impracticable in a survey, we shall shew how to cal- 
culate the angle BAM and the side AM; and first to find the angles 
ABM, ACM; make the given quantities AB^b, AC^e, angle 
BAC^A, AMB^B, AMC^C, and the unknown quantities ABM^s, 
ACM^y. Then in the quadrilateral ABMC 

therefore the sum of the angles x and y is known. Next, to find their 
difference. The triangles ABM, ACM give 

AM^^, AM^'^ (1). 
smJB sinC ^ '' . 

6sin;r emny a^^' csinJ? 
•*. — • n * . Jf , and • * "iTf • 
smJi smC smjf osmC 

b sin C 
Let tan ^ « — '~~9> ^^^ ^ ^'^ ^ calculated by logarithms ; 

sinjT 1 rin JT -f sinjf 1 ■i>tap^ 
" sinjf tan^' sin;r — sinjf 1— tan^' 



or 



tan|(jr-i-if) ^ /-« ^v 



therefore the difference « - jr is known, and consequently jr and y. 

Then angle BAM» 180^- B - », and AM is known from either 
of the equations (l)u 

Instruments used hi surrejlog. 

121. Hadley't Sextant 

For measuring angular distances generaUy, thb is mudi the most 
useful instrument that has ever been invented. The principle of its 
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oonstmction^ and the mannerof uaiiig it, will be understood from 
what followt. Let FDE (fig. 29) be a graduated drcnlar arc ooo- 
nected with its center C, by two bars CE, CF; and let B, C, be two 
plane reflectors^ the former attached to the bar CE, and the latter to 
another bar CD, which is moveable about C and carries an index D 
that sweeps the graduations of the limb FE ; on this account C is 
called the Index-glass. The reflectors are both perpendicular to the 
plane FCE, and are so placed that their surfaces are paralld when 
the index D is at O, and afb' is the pontion of a6; therefore the 
angle a Ca^ or OCD will measure their inclination when the move- 
able radius CD is in any other position. The upper part of the glass 
B is left transparent in order that objects may be seen directly through 
it, and by rays which pass dose to the reflecting part T is a tde- 
scope fixed to CF^ having its optical axis parallel to the plane FCE, 
and directed to the line which separates the silvered from the unsil- 
vered part-of B. 

When the angular distance of two objects S, P> is to be measured, 
the Sextant is held in such a position that its plane passes through 
them both ; then the Telescope being directed to one of them P, so 
that it is seen by the direct ray PT, the radius CD, and consequently 
the mirror C which it carries^ is moved till the other S is seen by a 
ray SC which, being incident on the mirror C, is reflected off at an 
equal angle into the direction CB, and again being inddent on the 
silvered part of B, is reflected at an equal angle into the direction 
BT in whidi consequently the object S^ is seen, and therefore appears 
to coindde with P. Then if SC be produced to meet PT in H, 
since 

^ SCB ^ ISff -- it BCm * ^ 

^ HBC * 180*- 2CBc « 180*- SBCtf"; 

/. ^SHP^SCB--HBC^^{aCa')^^OCDi 

therefore the angular distance of the objects is measured by twice the 
angle OCD. If therefore F£ be graduated from O as the sero pointy 
and each half degree be marked as a whole one, the reading when 
the index is at D, will be the angular distance of S and P. 

When the altitude of an object is to be taken, the plane of the 
instrument is held vertically, the telescope is directed to the point of 
the horison imraediatdy below the object so that TB is horisontal, 
and then the index is slided forward till the image of the object- 
reflected from the index-glass, appears in contact with the horiaon 
seen through the upper part of B, which on this account is called the 
Horison-glass. 
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The Vernier. 

122. As the index may not coinride exactly with one of the 
divisions of the limb of the Sextant, it is necessary to be able to esti- 
mate its distance from the preceding division^ and this may be done 
by a contrivance called, from its inventor, a Vernier- 
Suppose AB (fig. SO) to be a portion of the limb of the Sextant 

divided into equal parts each = 2(/, and let it be required to deter- 
mine smaller portions, as for instance PQ. Let another circular arc 
whose length corresponds to that of 19 divisions of the limb, slide 
upon AB and be divided into 20 equal parts, each consequently ^ 19^. 
Let its beginning, which is marked 0, coincide with Q, and observe 
which of its divisions coincides with a division of the limb. Suppose 
it that which is marked 2, then since the space between two divisions 
of the Vernier is less than the space between two divisions of the 
limb by I', it follows that PQs2'; and thus portions of 1^ 9f, && 
can be determined, although the limb itself is only divided into 
portions of 20^. 

Generally, a being the length of the space between two divisions 
of the limb, if (» - 1) a be the length of the Vernier and it be divided 
into n equal parts, and if^ the sero of the Vernier being at Q, its m^ 
division coincide with a division of the limb, as at Jf, 

then QAf s m divisions of the Vernier » m . — . 

n 

and P3f= m divisions of the limb » ma, 

and is therefore known, since the number of minutes or seconds cor- 
responding to -rn is known* 

The Theodolile. 

123. For the accurate measurement of horisontal and vertical 
angles, the Theodolite, which we next proceed to describe, may be 
considered as the most important instrument employed in surveying. 

It consists of two parallel circular plates A and B (fig. 31) which 
are together called the horisontal limb of the instrument. The lower 
qne has the larger diameter, and has a slanting edge to receive the 
graduations; and underneath it u provided with foot-screws for 
making its plane horixontal when set upon the staff-head, and also a 
socket C at its middle into which descends the axis upon whidi the 
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upper circle it centered to at to turn with great steadiness and 
nicety upon the lower circle. The upper plate has its edge ground 
away at two opposite parts, a, a', so as to form at those parts a con- 
tinued slanting surface with the edge of the lower plate ; and on these 
are engraved the Verniers, for which reason the upper plate is called 
the Vernier-plate; and it carries two spirit levels at right angles to 
one another, their use being to determine when the horisontal limb 
is set level by altering the footscrews already mentioned for thai 
purpose. Upon the Vernier-plate are erected two supports K, L, 
for the pivots of the horizontal axis of the circle MN to which the 
telescope ST is attached; to this axis the plane of the circle^ 9m well 
as the optical axis of the telescope, are both at right angles ; and the 
circle and telescope can turn completely round it vrithout toudiing 
the Vernier-plate. The rim of the vertical . circle is graduated, and 
subdivided by the help of two Verniers F, W, fixed to the ends of a 
bar held paralld to a diameter of the verticsl circle by a stem rising 
(irom the Vernier-plate. 

124. The following are the principal uses of the Theodolite. 

(1) To measure the angle of elevation or depression of an object. 

Turn the horizontal limb round its axis till the plane of the 
vertical circle passes through the object, and then elevate or de* 
press the telescope till the object is seen on the cross wires» or 
in the direction of the optical axis of .the telescope, and let TS 
(fig. 39) be that direction; also let Oo is be the rim whidi carries 
the divisions, and V, IV, the zero points of its Verniers; read oiF the 
graduations of the rim which are opposite to F, FT, that is, the num- 
ber of degrees and minutes in the arcs Oo, Ovw, O being the b^in- 
ning of the graduation of tlie rim. Next turn the horizontal limb 
through IBO*; then the plane of the vertical circle again passes 
through the object, but the optical axis of the telescope is in the di- 
rection T'S* indined to the horizon at the same angle as it was before; 
and therefore the angle T'CT through which the vertical drde must 
now revolve to bring the object again upon the cross-wires of the 
telescope will be twice the zenith distance of the object; after this 
motion of the telescope let v', m*, be the points of the rim opposite to 
F, JV; then four times the zenith distance of the object 

s twice the angle through which the cirde has revolved 

s sum of the angles subtended at the center of graduation by 
w^, ww', the arcs whidi have passed under the Verniers, 

» difierenoe of readings at F+ diffl of readings at fF* 

\ 






PHWP^f*^ 



II I 'i M ' 






^  » a«b»* * ^ 
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.(S) To measure the horisontal angle between two objecti. 

The instrument being placed exactly over the station from which 
the angle is to be taken, and the horixontality of the Vernier-plate 
being tested by notin|r that the bubbles in the spirit-levels remain 
stationary in the middle of their tubes, when the instrument is turned 
quite round ; bring the object P (fig. 33) upon the cross- wires of 
the telescope, and read off the graduations of the horizontal limb 
which are opposite the sero points F and W of its Verniers, that is, the 
d^^ees and minutes in the arcs Ov, 0vf9; next, by turning the in- 
strument round its vertical axis, bring the other object Q upon the 
cross-wires, and read off the graduations of the arcs Ot/, Oi/n^; 
then twice required angle s 2 PCQ 

s sum of angles subtended at the center of graduation by the arcs 
ot/, i9fi/, over which the Verniers have passed, 

s difference of readings at F-k- diff. of readings at W. 

Spirit LeveL 

125. The Spirit-level, in its simplest form, is a glass tube ABCD 
(fig. 34) of uniform bore and of the form of a circular arc of very 
large radius. It is nearly filled with a fluid, such as ether, and the 
ends are closed, and if it be placed with its plane vertical and its 
extremities A and D in contact with a horisontal plane, the bubble 
BC of air left in the tube will be at the highest part of it ; and if one 
end be gradually raised, the bubble will move towards that end. 

In surveying, by a Level, is understood a telescope with a spirit- 
level a tt ached to the upper or under side of its tube, and so adjusted 
that when the bubble is at the middle of the spirit-level, the optical 
axis of the telescope is horisontal ; and it is mounted in a firame 
moveable round a vertical axis, so that the bubble preserves its posi- 
tion whQst the telescope is turned round horiaontally on the staff-head. 
To determine the difference of level of two places A and B 
(fig* 35), place a vertical staff at A, and let the instrument be set up 
at any convenient distance from A in b, line towards B; and in the 
same line and at the same distance from the instrument as il is, set 
up another staff; then if the staves be divided into hundredths of a 
foot, with graduations and figures suflidently large to be read by the 
observer, and if he first direct the telescope to A and read off the di- 
vision of the staff bisected by the wires of the telescope, and then 
turn the telescope about, and read off the division similarly bisected 
on the second staff; the difference of these readings is the difference 
of elevation of the stations ; and by continuing this process, the ope- 
ration of levelling may be carried on for many miles. 
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Goniei^ Chain. 

12^ In surveying, distances are usually measured by Ounter's 
Chain^ which is* 22 yards or four poles in length, and is divided 
into 100 links; consequently the length of each link is 7*92 inches. 
Hence since an acre contains 4840 square yards, it contains 10 square 
chains, or 100,000 square links ; and therefore square links are con- 
verted into acies by cutting off five figures to the right 

Area of a triangle, quadrilateral, and r^^^dar polygon. Radii of their 

inscribed and circumscribed dides. 

127* We shall now give the solutions of certain problems 
in Geometry* relating to the triangle, quadrilateral, and regular 
polygon, which, on account of the ease with which they are 
effected by Trigonometrical formulae, usually form a part of 
treatises on this subject. 

(1) Having given two sides and the included angle, or the 
three sides of a triangle, to find an expression for its area. 

Let ABC be the triangle (fig. 18), and as one of the angles 
A^ B is necessarily acute, let it be A; and let a perpendicular 
from C on the opposite side meet ABj or AB produced, in 2>; 
therefore in both cases CD « 6 sin A. Then since the triangle 
is half the rectangle having the same base and altitude, 

area of the triangle » \ AB x CD » j^ c . 6 sin J ; or 

2 
» J6c. — \/«(«-a)(«-6)(«-c)...(Art 115) 

« ^/8 {s - a) (« - 6) (« - «)• 

(2) Having given the three sides of a triangle, to find the 
radii of the circles circumscribed about it and inscribed in it. 

Let CE (fig. 25) be the diameter of the circle circumscribed 
about the triangle ABC^ CD a perpendicular on AB ; jcnn BE^ 
then CBE is a right angle ; and the angles CEB^ CAB^ being 
in the same segment, are equal to one another ; or if the perpen* 
dicular fall without the triangle, they are supplementary to one 
another ; 

CB ^ 

sin ^ « sin CEB - -rrr< or CE • 



• • 



CE' an A* 



^ 



that is, the diameter of the circumscribed circle is equal to the 
quotient of any side divided by the sine of the opposite angle. 



\ 



\i 




tmm»Jb* 1 ^  iw  »■ I h' < 
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Hence, substituting for sin J its value and dividing by 2, we 
find the radius of the circumscribed circle 

a be 

" 4\/« (« -a) (« - 6) (# - c) * 

Next, if be tbe center, and r the radius of the circle in- 
scribed in the triangle ABC (fig. 26), and we join JOy BOj 
CO ; then the triangle is divided into three others whose areas 
are equal to^ar,^ ^6r, \er\ 

.'. r . ^ (o + 6 + c) - area of triangle JBC^ 
or r* *i y/9 (* - a) (« - 6) (« - c) ; 

^ / (* - g) (« - ft)"F^) 

Also, it is easily seen that if O' be the center of the circle 
touching the side 6, and the two other sides produced, and we 
join O'J, (yjj, (XC, then from the two ways in which the qua- 
drilateral (fABC xskVj be made up, we have 

\i'a^\Tc^\ rh + area of triangle ABC^ 

128. (3) Having given the four sides of a quadrilateral 
whose opposite angles are supplementary to one another, to find 
its area and angles. 

Let the sides AB ^a,BC-- 5, CD ^c,AD^ d, (fig. «7), 
and the diagonals AC^Xy BP»y\ then from the triangles 
ABC^ ADC J we have 

2o5 cos JB - o* + 6* - «•, 

2dccos2)-c^ + iP-**, 

but cos2>«cos(]80^- B) ->- cosA; 

.•. -2dccos-B«c^ + J*-**; 
therefore, subtracting, 

2 (a6 + cd) cos JB - a* + M - c* - cf ; 

.•. COSA- — -— r ^ , - . , 

2a6 + 2cd 
««+ 9y + o a6-c*-J-F2cd (a+6)*-(c~d) * 
.-. 1 + cosB- ^ah^^ed ' ^2{ah^cd) ' 
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or 2cor — 



and I — COB B 



2 8 (a6 -f ccO 



2 (a6 + ed) 2 (ab + cd) 



.,S (a+c + d-6)(6 + ij + d-a) 

or 2sm"— sa r7~i :;;:^ • 

2 2(a6 + cd) 

But area of quadrilateral ^\^ahAxkB-¥\edAxkD 

B B 

^ ^ (a6 + cd) sinJS» (aft + ed) sin — cos — 

**^y/{(a+b + e-d)(a+b+d-e)(a+e+d-b)(b+e+d—a)\ 

- ^{f* - a) (* - 6) (# - c) (# - d)J, 

if half the perimeter ■> ^ (a + 6 + e + d) a «. 

Also, any angle is known from the formula 

. B 

coi— 
2 

and since 

. ., ^a^^b^-^-d^ (ae -^ bd) (ad -^ be) 

a^^oF -^V-ab r -z — - r -= ^, 

a6 + ed aft + ed 

the radius of the circumscribed circle, which is also drcum- 
scribed about the triangle ABC^ _ 

m y/(ac + bd) (ad + be) (ab + ed) 

" 2 sin fl 4 \/(«-a)(#-6) («-c) (#-d) * 

129. (4) Having given the side of any regular polygon, 
to find its area, and the radii of the inscribed and circumscribed 
circles. 

Let JB (fig. 28) be a side of a regular polygon, C the 
common centre of the inscribed and circumscribed circles. Jcnn 
JCf BC ; draw CD perpendicular to AB^ and consequently 
bisecting both AB and the angle ACB. Then if n be the num* 
ber of sides, since each side subtends the same angle at C, 

S60^ 186* 

lACB^ , and jlACD^ . 

n n 



• 




^^T^- ii ^-^. 'i [[  ■lUWII I II IIIIWI— WitlW  M 
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Let AB a a, AC « il, CD - r ; then in the right-angled 
triangle ^CD 

AD .\Wf , 180^ 

-— --otan , or r^ia cot • 

CD n * » n • 

AD . 180^' „ , 180^ 

— -asin , or R^jtacosee ; 

AC It fi 

and area of polygon s n (area of triangle ACB) 

M^ ^^ a" 180P 
- n . -^D X DC « n ~ cot . 

Also, using the circular measure of two right angles, we 
have 

area of polygon cs n « CD x AD 

TT W IT 

^nr.r tan — « irf*tan — -5- — ; 
n n n 

therefore, taking the limit of both sides when n is infinite, in 
which case the polygon becomes a circle rJEulius r, and the limit 

IT W 

of tan — -5- — is 1, (Art- 60), we get 
ft ft 

area of a circle whose radius is r » ir r*. 



p 

I 



SECTION V. 

ON DEMOIVRB'S THEOREM, AND ON THE . EXPONENTIAL 
EXPRESSIONS FOR THE SINE AND COSINE OF AN 
ANGLE. 



. DemotTie's Theorem. 

130. This theorem, which goes by the name of its 
verer, is, that whatever be t he index n, cosn0 -i- ^- i sinn0 
is a value of (cosd + \/-l rin 0)\ 

It expresses that, in order to obtain a value of any power 

of the binomial cos + \/ - I sin 0, it is sufficient to multiply 
the angle by the index of the power. We may put, indiffer- 
ently, the sign + or - before \/- 1, for that amounts to 
changing 9 into — 0. 

We shall first consider the case where the index is a whole 
number. We get by multiplication 

(cosd+'v/^ sind) (cos 0+\/-l sin0)8cosd cos 0— sin sin ^ 

•f \/- I (sin cos ^ + cosO sin^), 
of which {>roduct, by the common formuke, the part which is 
real s cos(d+0), and the imaginary part a^- 1 An {9^^^ 

.'. (cos 9 + v^- 1 sin d)(cos + v^ - i sin ^) » cos (0 -f 0) 

+ V'^sin(0+0); — 

that is, the product of two factors of the form cos 9+^/^ sin 0, 
is an expression of the same form, involving an angle equal to 
the sum of the angles of the factors. Hence, introducing another 
factor cos ^ + v-Hi sin ^, we get 

(cos0 + \/-l sin0) (cos0+\/^sin0)(cos^+\/-l nn^) 

« {cos (0 + 0) -fx/- 1 sin (0+0)1 {cos^-i-\/^ sin^l 
» cos (0 + + >^) + \/^ sin (0 + +>/r), 
and so on, to any number of factors ; if, therefore, there be ft 

factors all equal to cos + \/ - 1 sin 0, we shall have, since 
the first member admits but one value^ 

(cos + \/ - I sin0)* - cos n0 + \/ - 1 sin n0 . . . (l). 
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Next, suppose the index to be negative ; then, since 

(cos nd + ^/ - I sin nO) (cosnd - \/ - 1 sin nfl) 

a cos* 910 + sin'nd <■ 1, 

.-. y . — T « cos«0 - \/ - 1 sin nd, 

cos 910 + V " ^^^ ^0 

1 J 

^^ It — '^ 7 ^-7 > 2ir, « cos 910 - \/ - 1 sin 910, 

(cos + V - 1 sm 0)" 

or (cos0 + \/ - 1 sin 0)""- cos (-910) +\/- 1 sin(-9i0), 

which proves the theorem for negative indices. 

Lastly, suppose the index to be fractional. Replacing 

fit0 
by — in equation (l), we get 



( 



008 — + \/ — 1 sin — I a COS fii0 + \/ - 1 sin fii0, 

91 91 / 

« (co80 -f \/ - 1 sin 0)*, by the first case ; 



therefore, extracting the 9>^ root of both sides, and employing 
a fractional index instead of a radical sign, we get 

1110 y . «i0 - 
cos — + v -Ism — 
n n 

icK a value of 

9 

(cos + x/"^ sin 0)" . 
131. Hence it appears that cos — + %/ — 1 sin — is 

91 91 

one of the 9i different valued which the expression 

(cos0 + v/"^ sin 0)*, 

« 

according to the principles of Algebra, admits of ; and there is 
no difiiculty in finding the remaining values. 

For, by what has been proved, since is any angle what- 
ever, and may, therefore, be replaced by the general value of 
all angles which have the same sine and cosine as 0, vis. 8r w-f 0» 
r being any integer positive or negative, it follows that 
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COS— («rir + ^-|-\/-l8in— (9rir + ff) ...(«) 
ft fi 

is a value of 

{cos (2rir + tf) + y/^ sin («rir + 0)} ", 

or of (cos + v-l sin 0)  ; 

and we shall now shew that the expression (2) admits of n 
different values and no more. 

First, if we make r » 0, 1^ £, &c. a- 1, we get n different values; 
for if two of them were alike, for instance when r sp and r = q,h 

MB am 

would he necessary that the angles — Qtpw -^9), — (Sgir + (^ should 

differ by a multiple of 2 w, orthat— ^^ — 2^ should be a multiple of v, 

. which is impossible, since p and q are both less than m, and m not 
divisible by a. Also, if we take for r some number beyond the limits 
and a-1, we shaD get no new value; for suppose r^^Xm-^r^, 
where X is any positive or negative number, and r^ positive and < a, 
so that r may represent any positive or negative number whatever ; 
then the above expression becomes 

or, suppressing the multiple of 8w, 

cos?(2r'ir + ^ + y^sin-(«r'w+^. - . 

whidi, since r^ is positive and less than a, is comprised among the 
values obtained in making r «■ 0, 1, 2, • • . a - 1. 

Consequently, the complete value of (cos -^J --Itin 0)* is given 
by the equation 



(cos(? + /-lsin^- »cos-(2r» + ^+y-Tsm-(2rw+f), 

being any integer whatever, positive or negative, not excluding 
sero; and die a values of the first member result from the second, by 
taking r from to a- 1. 

If we make m« 1, the formula for extracting the a^ root of 

co«»+7ri-ri„«i,7(cot«+7rrtin6)-cM??^^+7ririii^^lti. 



\ 



  ■. « ' 1 1 .i n. !■%>■»— 



\ - - • ^ 
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Obs. Since(om9 + <«/-1 nii0)*inayberappo6edtomean«ther 

or ^(co«a + i/^ «n^-= V(co««tf + iy^8iniiid), 

the valaes oonresponding to these two suppositions must be identical : 

via. cos-(2r«- + (^-i- J^ nn^ {Strw -k- 6), 

1 1 

aDdcos-(2rv + iii^-i-«/--l tin-(irw ^mff). 

Now, taking r from 1 to » ~ !• the multipliers of ftw involyed in 
the former wiD be 

m 2flPi dm « (» - 1) M 
n n n n 

m 

and if the divinon be performed in each fraction, no two remainders 
can be alike; for suppose ^ and ^ to give the same remainder, 

then (p-9) — is a whole number, which is absurd sincep and q are 

both less than n; therefore the remainders will produce the terms of 
the series 1, S, 8, &c (»- 1); and therefore, suppressing the multi- 
ples of 2w, the n values of the former expression will be identical 
with those of the latter. 

• 

Fonnul« for eiqpresBing the sine and cosine of the sum of any angles^ or of 
a multiple ai^, in tenns of the sines and cosines of the simple ang^ 

132. To express the sine and cosine of the sum of anj 
number of angles, in terms of the sines and cosines of the 
angles ; or the tangent of the sum, in tenns of the tangents 
of the angles. 

From Art. 130 it appears that 

cos (0 + ^ + &c. + X) + \/^8in (0 + ^ + &€• + X) 

« cosdcos0...coaX 

X (l+\/~tane)(l+\/^ tan^)...(l+\/3TunX). 

If, therefore, we effect the multiplication of the factors of 
the aecond member, and by #1, h$ ht tie* denote the sum of the 
tangents of 9, ^ &c., X, the sum of the products of every two 
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of these tangents, the sum of the products of every three^ 8cc. ; 
and by cr the sum of the angles 0, 0, &c. X, of which we sap* 
pose the number to be n, we shall have (Theory of Equations, 
Art. 19) 
coso' + \/— 1 sino- -iCosdc08^....cosX{l + \/-l f, - %^ 

• • 

^ *» + *« + \/-^ «» - &C. + (\/^)**«f . 
Therefore, equating possible and impossible parts, 

rincr «cos0cos0 cosX {«i-*^-l-«ft — &<^'}t 

cos<r acos0 cos^ cosX \\ -«t -t- ^« — &C.} ; 

and, dividing the upper equation by the lower, 

«,-«, + «»-&& 

tano--* —-* • 

1 - «t + *4 - 8kc* 

If n be odd, the numerator will be continued to %^ and the 
denominator to «,^.i ; and vice versi^ if n be even. Hence 
tan a is expressed in terms of the tangents of 0, 0, &c X ; and 
it is evident that^the values of sin <r and cos a, if each term of 
the series within brackets be multiplied by the factor without 
the brackets, will contain only the sines and cosines of 9, ^, &c.X« 
If we suppose 0, >/r, &c. X> to be all equal to one another and 
to 0, we get the vidues of the sine, cosine, and tangent of n0 ; 
but it is better to obtain them directly, as follows. 

133. Resuming Denunvre^s formulig and supposing n a 
positive intq^, we have ^ 

cosntf + \/- 1 finnOm (cos0 + \/^sin0)% 

but the' second member expanded by the binomial theorem 
gives 

corf*© + -co^-»0V^ rind - ^^^^^^-^c^^ 

» 

1.8. S 
therefore, equating possible and impossible partSj^ 
co8n0 - cosrtf - n^n-- ) ^^^.j^ ^^^q 

n(n-l)(n-S)(n-S) ^ ,^ . ,^ . 

1.S.S.4 

6 N 
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nd--C08*-*tfaintf 3b Ll /cos"**08in'0 

1 1.2.S 

n(n-l)(n -s)(n- 3)(n-4) . .^ • .>» . 
1.2.3.4.5 

These fonnul® express the siDe and cosine of the multiple 
angle n0 in tenns. of the sine and cosine of the simple angle; 
their law is evident, and, like the binomial theorem from which 
they are deduced, each is to be continued till we arrive at a 
term zero. 

134. The above fixrmnlae may be transformed so as to involve 
cosines only, or sines only, in the following manner. 

Suppose fli even, then the general term of the series for cosatf is 

where r begins from xero; therefore, making r a 0, 1, 2, 3, &c sue* 
cessively, we get • 

cosa>al--sm*^-i- \ . ^ sm*^ ^ ^ / v ^sin** + 4c. 

% 8.4 z.4.0 

, -!!^fe^dn«(>{l-!lZ«rin'tf^(»-»)(;-'*)rin«<>-&c.} 

»(»-l)»-a)(,-3) 
I.S.3.4 

i\9 S / 1*3 18.4 8 2 

2.4 J 
butj+^^.j, 

3.1 3 n-1 (ii-l)(ii->3) ii(m>2) 
2.4 2* 2 2.4 " 2.4 f 

and, in general, as appesrs by equating the eoeffideut of jf in the 

m • 

product of the expsnsions of (1 -i- x)l and (1 -f jr^, and in the equi- 
- valent expsnsion of (1 -i- jr) > , 
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g.4...gr "*■ g.4...(gr-g) ^g 

. «(«t-g)„,(i«-gr4^6) «(«-g) ^ 
* g.4...(gr-4) • g.4 

(an-it)(m-i-ii-g)...(«-t'»-gr-i-g) .^ 
*"^ g.4.6...gr • 

1 •g«d«4.5*0 
Exactly in the same manner^ n bring eveD, we gel 

\ l.g.5 l.g.d.4.5 J 

and, when n h odd, the formube are 

coa«a«cofa{l^?J:^sin"a+i?-^^^ 

If in these four formoke we replace by ^ - '» we get odierft 

for cos ii(^ and sin 11^ proceeding according to powers of cot 0; via. 
when n is even, 

(-l)*cosiia=l-j^cosPa + '^^^oos*a-&c_ 

(-l)***rin»(>=»sina|oosa-5!z^co^a+^^^^ 
and when » is an odd integer, 
(■l)-rco,n(>^«cosa-.--jL_^cos>tf^ \ ^ A^^ > co^e^&t^ 

^ ^ { l.g l.g.8.4 I 

135. A descending series for cosnf in terms of cos^ may be 
investigated more simply in the following manner* 

Since l-p« + Ji**(l -««)(l-.j) ifp-«-i-i. 



^ ' ' V a/' 

\ 
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taking the Najnerian logarithm of both aides^ and writing down only 
the terma which when developed will involve Jf^ we have 

$(i'-«y+S(p-«)-'+7!^(j'-«r*+*c 

dierefixre^ equating the coefficienta of jb" in the two members of this 

eonatioo* 

Biitif8coa0»»'f-aj^ then2coaii6sj^-f3, and (2coa^->jf, 
.', «co««#-(2co«fl)'-«(2oM«)r»+^^^^(2co««)".-«-&c. 



In calculating by thia formula we must follow the law indi 
by the first terma, and stop at the first n^^ve power of 8cos9« 

186i If we write the formulae of Art. 153, ao aa to have 
(coa0)* a &ctor of the second membera, we get 

«inn0^(coaeyfctang-- ''^'*^'^^^^^> tan»0-|-&4 

^ \l 1.2.S J 

Goan0« (coa0)*x 

f n(n-l)^ ,^ n(n-l)(n-9)(fs-S) ^^ . 1 
II i^ — — /tan*d + — ^ ^ ^ZJi__/tan*e-&c.V 

therefore, dividing the former equation by the latter, we get 
tan nO expreaaed in terma of tan 0, vis. 

**. n n(n-l)(n-«) ,^ . 

^ime^— ^ ^tan*a+&c 

^ 1 1.8.3 

^ n(n-l)^ ,^ n(n-l)(n-8)(n-3) ^^ . 

1 L— — ^tan«e+— i-2 — ^ ^ ^tan^O-&c 

. 1.8 1.8. 3.4 

' where each aeriea haa ita terma alternately positive and negap* 
tive, and ia to be continued till we arrive at a term aero. 
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137. We shall now shew how Euter^ from the above series 
for sin ltd and oosnd (Art. 155)» deduces the developnient of 
the sine and cosine of an angle in terms of the circujar. measure 
of the angle itself. 

We may, without departing from the hypotfaess of n an 
integer, dispose of so that nO shall be equal to any giTcn 

angle a* Let therefore n0 - a, orn » ^v ^^^^ ^^ ^^ Talue 

9 

the formulae become 

.„..(.,»,y-"-^(co.e)-{^' 

+ &C. 

Conceive now to diminish to zero, and n to increase to 
infinity ; then these formulie will exhibit no further traces of 
and of ft, and will contain a only. For when « 0, oostf — 1, 

sin0 
and — ^ s 1, (Art. 60) ; and for that value of 0, we may also 
u 

admit that the powers of cos and of ^-^ are equal to uni^^ 

however great be the indices of the powers ; consequendy the 
above formulae become 

cos a «■ 1 — + — — — + sc* 

1.8 l.S.3.4 1.8.S.4.5.6 

sma" a — — - — + — cie. 

1.2.8 1.2.S.4.5 

As the number n has become infinite^ these series do not 
terminate ; but they are not the less proper to give very ap- 
proximate values of the sine and cosine when o is a small fraction. 

138. By dividing three terms of the lower series by three 
terms of the upper, we obtain the first three terms of the ex- 
pansion of tan a» vis. 
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tano«a + -- + ~-+ . ^ ^  ^ + kc; 

but the law of the series is not easily discoverable in this way. 
Similarly, by dividing unity by each of these series, the firsi 
3 or 4 terms of the expansions of sec a, cosec a, cot a» may be 
obtained. 

Formula for expresnng the powers of the nne or oodne of an angle 
in terms of the sines or cosines of its mulUples. 

139- In the higher branches of Mathematics it is fre- 
quently necessary to express the powers of the sine or cosine of 
an angle in terms of the sines or cosines of multiples of the 
angle. When the index is a positive integer, which is the or- 
dinary case, it may be effected in the following manner. 

If we assume « 

cos d + V--1 sin ■> AT, 
then since 

(cos© +\/^ sind) (cos© - \/^ sin 0) -> cos*0 + sin'0« 1, 

cos© -\/-lsin0«-*; 

w 

therefore, adding and subtracting, 

Scos0«# + -, a-x/- lsintf-«r-- • 

# w 

Also, by Demoivre^M theorem, 

co8n0 -f \/- 1 sinnO«jr*, 

cosn0-\/-l8innO» — , 

1 .J ;:. 1 

.*. lSGosn0-«" + --, Sv/-lsinfi0««* . 

ar ji» 

Hence 

» (» - 1) 111 
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or, grouping together the terms equidistant from the beginning 
and end which have the same ooeffidentSy 



.^i^(.-..^).^. 



If n be eren, the number of terms in the expansion of 

[^+-1 is n + l> which is odd ; there will therefore be 

term, vis. the (^n + 1)*^, or middle term, which has no fellow ; 
it will be 

n(n-l)(n-8)...(fi-Xii^l) J 1 n(n-l)...(4n+l) 

a 4j^ ^ — ^ ^ Qf — m^ . 

• 

If II be odd, the number of terms will be n + 1 which is 
even, there will therefore be an exact number, -^(11 + 1), of 
pairs of terms ; and the last pair consisting of the two middle 
terms of the expanded binomial, t. e. of the. \^ (n .- 1) -1- 1}^ 
and {^ (n + 1) + 1}^ terms, will be 

1.8.5...^ (n-l) \ i/ 

Hence, replacing 41* + r; by 8 cos n0, &c. and dividing bj 
8, we get 
S"-^ cos?"0-cos nd+n cos {j^-i) 0-^ ^ ^ cos(n-4) 0+fcc. 

the last term bdng, according as n is even or odd, 

, «(n-l)...(^n + l) n(n-l)...^(in-3) _ „ 

* • — *5 , or « \ — - cos Q 2  

* 1.8.S...^n 1.8.S...^(n-l) 

that is, we must stop at the term which involves the first nega> 
tive angle ; and we must take onlj half of the last term when 
it involves the angle zero. 
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140. Again, to express (sin 0)* in terms of sines or cosines 
of multiples of 0. We have 

*"4r^(vr-(v)"*Hv)- 

First, let n be even; then the first member will equal 
iB" ( - l)s sin* Of and the seoond member will equal 

and| as in the case of the cosine, there will be a middle term 

therefore, replacing «*-|- — by 8 cos n9, &c. and dividing by £, 

#* 
» 

«"-» (- !)• sin"© « cos n0 r- n cos (n - 8) 9 
n (n - 1) 



1 .8 



cos (n - 4) — Sec 






If n be odd, the first member wiO be 8*\/- 1 (- 1) ' nn'0, 
and the second member will be «■ - — - n I «■■•— --rzi) -^ &c.; 
and, as in the case of the cosine, the two middle terms will be 

^"^^ i.«.s...i(n-i) V ir 

therefore, replacing «^ - -i by 2 \/ - 1 sin nO, &c and dividing 



by 2 ^/ - i, we find 

2"-*(-l) * sin*0a8inn0-»sin(n-2)9 

^ n (n ^ 1) ^.^ ^^_^\0_ jj^^ 
1.2 ' 



•- ^-<^  — i«i*w— y?— ^^TT y-^ 



In emplojing these formulae for ihe purposes of calciilatni|^ 
sin* 0, we have oolj to foUow the law indicated bj the first 
terms, and to stop at the term which involves the first negative 
angle; and we must take only half of the coefficient of the 
last term whoi it involves the angle aero, 

InverR TngonometiicBl fimdions «f sn aiq^ 

141. Since the sine, codne^ &e. of an angle do not in- 
crease indefinitely with the angle, but vary within certain limits 
only, so that whatever values they have when the angle equals 
a, they recdve the same when the an^e equals a-l-S«-, a-^^w^ 
&c., they are called periodic quantities to distinguish them 
from continually increasing quantities. 

We have hitherto chiefly confined our reasonings to the case 
where only the sines, cosines, &c of known angles enter into 
the calculation ; but it is frequently necessary to consider the 
case where the angles themselves, as determined by their nnes^ 
cosines, &c. are introduced; and there is, as has been stated, 
an essential diflerence between these cases; for in. the. former 
the quantities have each only a single value, whereas in the 
latter they have an infinite number of values. Thus mSff 
has only one value, viz. ^ ; but angle whose sine « -j^, has an 
infinite number of values comprised in the general expressioa 
(Art 31) 

n»+(-l)"|. 

» 

The notation usually employed to express an angle whose 
sine is at, an angle whose cosine is dr, &c. is sin'^ jt, cos''«, &c ; 
they are called inverse Trigonometrical functions of the angle, 
in the same way as the Trigonometrical Ratios themselves are 
called direct Trigonometrical functions of the angle. 



142. The reason for the above notation is the following. If an 

operation denoted by f be performed upon a quantity x, so that the 

result of it iMf{x), and if the same operation be now performed upon 

/(*) as was performed upon «, the result will be /{/(«)} or jf]f(4r)^ 

which may be written/«(«). Similarly/[/{/(«)}] or jK/-(«) miy 



\ 
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be written/* (r), and so on, which gives in general/^/* («)-/■*"(«)• 
To presenre the same equation, /*{*) i^^^^ mean s simply; for 
making »sO, «»!, /{/•(«)! =/(*), and consequently /*(jr)s«; 
and if we now make « » !» » » — 1, we shall discoYer the meaning of 

and thereforey'~^(4p) means that function of jp upon which if the ope- 
ration denoted by y* be performed, the result is «, or that function 
whose effect is ezactiy reversed by^*; that ^^f'^iji^) denotes the 
inverse function oif(xy 

We have seen in the foregoing pages that although for any 
assigned value of the angle there is but one value of the sine, cosine^ 
&C., yet for any assigned value of tiie sine, cosine, &c. there is an 
infinite number of corresponding angles; the reason being that in the 
first four quadrants tiiere are two distinct angles whidi have tiie same 
sine, cosine, or tangent; and that any multiple of 2ir added or sub« 
tracted does not alter the sine, cosine, or tangent. Hence, Art 31-58, 
if a be the least positive angle which satisfies the equations 

nn^sx, cos6s4% tanB^s, 
we hav^ respectively, for the values of the inverse functions;, 

• or nn"*« as n* + (- ly «» 

$ or cos~*x » 2)i«- ii> a, $ of tau'^s^nw-i-a, 
n being any poative or n^pative integer whatever, not excluding 
xero. It is usual to take for the values of the inverse Trigonometrical 
functions, the least corresponding positive angles ; but the multiplicity 
mr values must never be lost ttght at 



143. From the above mode of expressing the inverse 
Trigonometrical functions arise the following formulae, which 
are sometimes useful* 

Let tanOmoff tan ^ My, 

then  tan"' «, ^ « tan"*y ; 

or tan-* * + Un-* y - tan-* ^i^-^tJL . 

1 - «y 
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Similarly, Un-*jr- toii-*y - Un"*-— ^. 

And in the same way may these formulas be deduced, 
sin"^ a i 8in"'y « 8in7' («\/l — y* iy^l - #*)» 
co8"*u^ A co8"'5f — cos"* (aff^\/l -«*\/l — y*). 

Exponential expiesnona for the sine and codna of an an^e, and (heir 

oonseqnenoeB. 

144. To investigate the exponential expresdons for sin 0, 
CO8 0, tantf. 

Since (Art 26, Appendix), e being the base of Napier^9 
system of logarithms, 

m if •^ . 

if we change 9 successively into 0\/- 1, and - d\/— 1, we get 

^ 1 1.2 1.2.S 1.2.S.4 

«-*>/-5 « 1 - — + — ^ + ^ be. 

1 1.2 1.2.3 1.2.S.4 

therefore, adding and subtracting, 

e^/^ + e-«>/=i « 2 fl ^^ + -J?L_- fcc.Y 

\ 1.2 1.2.S.4 7 

\ 1.2.S 1.2.3.4.5 ] 

and comparing these series with the values of cos and sin 9, 
(Art 137), we have 

cose-4(«^/=* + e-*^^) 
and contequoitly 



I 

I 

I 
i 
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145. To devdope the circular measure of an angle in 
terms of the tangent of the angle* 

Since cos0 - ^ {jfiy/^ + e'^>f=^)^ 

and\/^ sin0- ^ (e^/^ - e'^/^^J), 
adding and subtractings we get 

cosd + a/^ sin 0- «•%/=> 
cos © - V^ sin « e" V^', 

^^^^ cos -H \/- 1 sin g l+\/^tanC 
GO60-\/^sin0 l-V-ltantf 

«/i / — , l+\/^tana 
.-. 2d V - 1 - loff ^^7= 

- S Jv^^ tand + -(-\/^ tandV + - U/^\ tanO)* + icJ, 
* 3 5 * 

(Art. 51 9 Appendix) 

.% Oatan9--tan'0 + -tan'd-8ce. 

S ' 5 

1 46. Hence, by dividing half « right angle^ whose tangent 
is unity, into two or more angles whose tangents are rational 
proper fractions, we can compute the circular measure of the 

former, which is — • 

4 

For if a and /3 be two angles whose tangents are reBpectively 
-and -» we have 

11 

. y ia^ tana + tan/5 5"*"i , ^ w 



11 11 1 11^ 1£ 



W ^111 11_ _-_^_. 



5+i-i(?+?) + K?^i)-''' 
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147* But a series for the value of ir, which converges far 
more rapidly, may be obtained as follows. 

Since tan^» l, we find (Art. 48) tan--V«^i, and 

«■ 1 * 1 

t«n — - '1989 wm - very nearly ; if therefore tan a -> -• 4a is a 

little greater than -, and we shall have 4a >■ - + )3» where /3 

is a small angle. 

S 5 

«.r 5 6 6 120 

Now tan 2a « «— » ■> — » tan 4a •> «— — •■ — . 

1«± ^* 1 a "9 

""25 "144 

120 
.•.t«^-Un(4«-^).^ ^, 

4 '^ \5ss»««» y 



\iS9 S\»89) i 



from which ir - 3*1415926535 may be njaSlj c^tained, sboe 
the fonner aeries may be written ~ 

8I3211S8.' 1 I 

14B. The following series are useful in many applicstions of 
Analysis. 

Having j^ven sin/3amnn(a-i-/3), to express )3 m a series as- 
cending by powers of ai. 

Replacing the smes by their exponential expresaons^ we get 

2/^ «v-i ** 

or«*'^^^(l-.me*^/^)-l-aie"*>^, . . 
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•. 2/3y^alog(l-me-«>/'^)-log(l-«e«>/^) 



therefore, dividing both ndes by ij—l and replacing the expo- 
nential expressions by the corresponding sines, we have 

i9Bmsina + rr-8inSa-i----nn5a+&c. 
'^2 3 

Hence if m be less than 1, /3 may be readily calcalated; and if /9 
be very small, then the number of seconds contained in it, will eqoal 
/9-!-sinl^ (ArtGS). 

149. If we consider a and ^ to be the angles of a triangle re- 
spectively opposite to the sides a and b, and m^^ , the above series 

c 

gives an expression for an angle in terms of another angle, and the 
two ades containing die latter; for > f m " - expresses the rela- 
tion between two sides and the included angle and another angle; 
and as this relation may be equally expressed by 

^ ^ &sina Msina 
tanjSs j; ■- , 

'^ c — 6cosa 1— mcosa 
orby tani/9-i--ls rtan-s; tan-, 

the series may be also regarded as arising firom the development of 
«ther of these latter equations. ' 

Instances of the utility of Trigonometrical Formula. 

150. In the employment of Trigonometrical foipukey 
great use is made of subsidiary anglest that is, of angles whose 
sines, cosines, &c. do not appear in the original formulse, but 
which are introduced to facilitate computation. We have al- 
ready seen instances of this, especially where a side of a triangle 
is to be determined from two sides and the induded angle. 
Other cases of frequent occurrence are the 
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(1) To adapt a^b to logarithmic oomputatioD, where a 
and b are not supposed to be numbers, but exprearioDs formed 
of the sines and cosines of angles. Let a be the greater of the 
two, then 

a Jib — a [l ^— jt»a8ecP0 or acoi^tf, .. 

assuming, for the upper and lower sign respectively, 

6 6 

^ - tan»e, ~ « sin'ft 

a a 

(2) To convert the expression acos a ^b 6 sin a into another 
of the form c sin (a i^ 0), by means of a subsidiary angle 0. 

Let|-t«id.thea 
acosaJ>6sina •■&(tan0coso cl^sina) .» — ^^n(0 il^a), 

C0S9 

or «\/a*+ysin(dAa). 

Other instances of the use of subsidiary angles are supplied 
in the next Article. 



151. To solve an equati<m of the second degree with die .aid of 
1 ngonomecncai laoies* 

Let the equation be reduced to one of the forms 

jf*+2|>« + j«0, or 4^-l-8px-9»0,' 

p being positive or negative, and q essentially positive; this csn al* 
ways be effected. 

(I) The equation 

«* + 2px. + g=tO gives x^—p^^JfT^^. 

I(f^ > q, find $ from the equation 

nskB^Jq+p^ 

6 6 ^ 

• /. jf--p(l«pcos0)s-2p8in*5, or-2pcoiP J, 

which are the roots required. 

I(f^<q, so that the roots are imposnbl^ make 

t^B^Jq-^p, 
•\ ««-p(lv^— 1 tantf), which are the two roots. 
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(2) Theeqiution 

«* + 2/>4P-j=0 givci « = -/>* i7?+9-» 
find $ firom die equation 

which are the rooti. 

In both caaesy if p be negatavej we must solve the equation with 
p positive and change the signs of the resulting roots. (Theory of 
Equations, Art 84) 

153. Not only quadratic but cubic equations may be solved by 
help of Trigonometrical Tables. For unce it is proved(Art. 44) that 
the values of a in the equation 

m S a ^ a ^ 29 A a 

ar— -7«— T = are cos- and cos — ~ — 
4 4 S S 

where a is the least angle whose cosine is equal to a, if we have the 

equation 

j^-j«— r — 0, 

and suppose or a -", we get 

a" - fK^qz -rw^r « 0, 
which compared with the above gives 



•••"•"lvf'^"i(l)' 



and the values of « are 

I 163. To find the sums of the sines and cosines of a series of 

i angles in arithmetical progression. • 

( Wehave 

(a.D.cos(a^.D.«sm|sin«, 
and repUdng a by Ae values a +fi, a+Stfi,ice. saoeeadTely, wt find 



i^-»»»*^»M» " 



I II I — ^i-^ii  I  iini_in 1 nr" i^ii,' - i-r'iri r>>**■*l.t%<%»^^*^:^*.•.^tV*^?l yJ'■^' ^i ! r ""^???^ 
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COS 



 



«» (• + ^* j8) - COS (« + ?^ yS) - « rin I sin {« + (1. - 1) /J}, 
therefore, by addidon, 

S sin ^[|siiia + sin(a+^-i-iin(a + S/9) + &c. 

+ sin {« + («- 1)^0 = 00. (.- D - CO. (. + i!Lll ;j\ 

Similarly, beginning with the formula 

«n (a + |j - sin (a - 1^ « 2 tin I cot «, 
we may find the sum of the series 

cosa +co8(a + /8) + oos(tt -t-2/3) + &C. to » terms. 

154 These series might also have been summed by rephdng the 
sines and cosines by their exponential values, as in the following in. 
stance. 

To find the sum S of the infinite series 

jr sin a -f j:* sin 2a -h «* nn Sa -I* &c 
Let 



5iy-lsino=s— , then2,7^ sin2aaz'-:3,&c,and2oosoaa4>--: 



1 ' 2«J-lsina 



1-^ l-*(,+l) + ^ l-.2*cos« + 4^* 



1 -4PS 

xsina 



1 -2«cos«-«-a** 



\ 



ii r- t 0t fc « i- ^.^ ^^^ 



 ' "• " "  u ^ ."^' . -1—^- I , ^:aatM >^^...  — - .. L ■-,,;■ . mjnj 



9o 
Simflarly, finr the series 4r cot a -t- j:* OM 2a + &c, 

S^i J^ ^^^^ ^ -tV 

155, To resolve sin $ and cos ^ into their factors. 

Since sin $ becomes zero when $=aO,J^w, ^2ir, &c., ^nw, where 

. >>• n is any integer whatever, and for no other values, sin $ must be di- 

visiUe by, 

$ $ $ 

^, !--» 1+-, l-o-» ^^ 

and must therefore be equal to the product of all these factors multi- 
plied by some quantity a independent oi 6; hence we may assume 

4'-(-?)(-^)(-i^)- 

But limit oi tin O-i-O, when 0=^0, hi, therefore a a 1, and con- 
sequently 

*,...(,-5)(,-^^)(.-5^)... 

Again, cos (^ is reduced toxeroby the values of (^ ^ ^1^$ ^^rv, iie*, 
A^ II V, where n is any odd integer, and by no other values; there- 

seqnently be equal to their product multiplied by some quantity 
independent at$; but since cos (^= 1 when $ ^0, that multiplier can- 
not be other than unity, and therefore 

15& If we put 0a ^v in the resolution of sin 9, we get 



1 



*'0-?)0-7)0-^)- {»-^}' (— )' 



1 8* 4P 6» (8«y , . 

•'• '"TTsTsTt "'(Sn-lXSn+l)* ^""•* 
which is WaDii^t formnla. 

« 

Also, if we develope these values of sin and cos 9 according to 
ascending powers of B, and compare the results with the expressions 
given in Art. 1S7# we find 

p + j+p+y+Ac-y, 

1.11 1 ^ w» 



: k . ,'^~^ -JfY«n ■^.c -^ <^"^ - -T^|^^"^-:-«^i*-- •^- - -i*^ . .••• 



> -.» • • «' > 



V ^ * <« «-•* ■• 
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ON LOOARITHM& 

Theoiy of Logarithma. 

1. The values of a in the equation n^s a^^ a being any 
positive number whatever, are called the logarithms of the 
corresponding values of n ; and a is called the base of these 
logarithms. Hence we have this definition : 

The logarithm of a number to a given base is the quantity 
expressing the power to which the base must be raised to be 
equal to the number. 

The logarithm of n to the base a is written log^n ; so that 
n a a', and of a log^n, express the same relation between the 
three quantities fi, a, «• 

2. All positive numbers may be produced by the powers 
of any proposed positive number different from unity. 

For in the equation n m a% supposing a to be a positive 
number greater than 1, if ^ assume successively and oontina<» 
ously all possible values from zero to infinity, it is manifest 
that n will receive all values from 1 to infinity. Also, if w 

become negative and « - «, then n « a*' ""^^ ^^ if sr as- 
sume all possible values from zero to infinity, n will receive 
all values from 1 to zero. Hence as w changes continuously 
from — 00 to -h 00 , €^ changes continuoudy from zero to in- 
finity, or produces all positive numbers. 

If a be less than 1, writing the equation under the form 



n \a) * 



appears from what has been proved, since - > 1, 



that by varying at, - , and therefore n, will assume all positive 
values. 

m 

3. We cannot take for the base, unity, nor a negative 
quantity ; for all powers of unity are unity ; and the powers of 



■^MMl 



^Kim^ShbApM^^^i^ f,/wn^ n i>i—  ■' ^ i   ' ■■w » 't'^ j« V >^ ji V ' -» a^^i^ift»arti^^4*«,^^^ii^fcafc>*»^^fa> n ^p^^fci^fcifciBawfcaJtj^a <■ J wi* ri i^i ^ — fc i ^ f^ i i_i^. 
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a negative quantity may be positive, or negative, or imaginary, 
and consequently are not subject to the law of continuity, and 
do not reproduce all numbers. 

Since the powers of a positive quantity are always positive, 
negative numbers have no arithmetical logarithms. 

4. Since 

a '^a^f I « o^, — a~* , 

we deduce, from the definition of logarithms, that whatever be 
the base, the logarithm of the base itself is unity, the logarithm 
of unity is zero, and the logarithm of zero is negative infinity; 

i.e. log^ a « 1, log; 1 « 0, log. •■ - oo • 

When the base is greater than unity, the equation n  of 
shews that as the number increases, its logarithm increases ; 
and that the logarithms of all numbers greater than 1 are 
positive, and the logarithms of all numbers less than 1, nega- 
tive. When the base is less than 1, the contrary takes place ; 
i.e. the logarithms of numbers greater than 1 are negative, and 
those of numbers less than 1 are poritive* 

We shall at present assume that, a being any positive 
quantity, if in the equation n^o*, n be given, the corres- 
ponding arithmetical value of or can be found as approximately 
as we please. 

0. If, a remaining the same, n assume successive integral 
values beginning from 1, and the corresponding values of # in 
the equation n ■> a* be computed and registered in order, we 
obtain a system of logarithms to the base a. Since a may be 
any positive quantity, there can be an infinite number .of sys- 
tems of logarithms ; if however the logarithms of all numbers 
in any one system be known, those corresponding to any other 
given base may be deduced by multiplying the former by a 
constant multiplier, as we shall now prove. 

6. A system of logarithms to base a may be transformed 
into a system to base 6, by multiplying them by the hdor 
1 

Let w and y denote the logarithms of any number n in two 
systems whose bases are a and 6 ; 



%f. '' 



^m. ,1 .«! ■■■■Il— »■ »' < 



Viirtrr 






^T '-'^•- >■**' _\ ""_! 



101 



.% n « a*, n « ft"', 
.'. a' "■ 6\ and a''  ft, 

.-. - m log^ft. 



or y 



log.ft 



9\ 



that is, if we multiply w^ the logarithm of any number n to the 

luue a, by , we obtain the value of y, the logarithm of the 

log,ft 

same number in the system whose base is ft. This oommoD 

multiplier 1 -f- log^ft, is called the Modulus of the system 

base ft, relative to the system base a. Also if « « 1, then n^o^ 

and y » log^ a, therefore log^ a x log^ft  1. 

7* We shall now demonstrate the properties of logarithms ; 
the fundamental one is the following ; 

The logarithm of a product is equal to the sum of the loga- 
rithms of its factors. 

Let Xy y, be the logarithms of two numbers m, n, to any 
base a ; then 

m ^ qT^ n  a^\ 

therefore, multiplying, 
therefore, by definition, 

or, since « » logout, y •- log^n, 

log. {mn) - log,i» + log.» ; 

this being true whatever be the values of m and n, change fi 
into ftp, 

.-. log.(fw np) « log,m + log.(np) - log,m + log.n + log,p ; 

and as this process may be continued to any number of factors, 
we conclude, generally, that the logarithm of a product is equal 
to the sum of the logarithms of its factors. 

8. The logarithm of a quotient is equal to the logarithm 
of the dividend diminished by that of the divisor. 

s 
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Since m»affn'»a^f 



n o' 

••. log. (^)  * ■" y  ^^8«"* " ^^8-^ 

9. The logarithm of any power of a number is equal to 
the product of the logarithm of the number by the index of 
the power* 

Since m^af^ 

•'• log, (m*) — rw B r log^flH 
where r is any number whole or fractional, positive or negative. 

10. The logarithm of the root of any number is equal to 
the logarithm of the number divided by the index of the root. 

Since m « a*, 

••• log.(V^m) - * - - Oog. m). 

11. Hence, if we have to multiply two numbers together, 
or to divide one by the other, taking their logarithms out of 
the tables and adding or subtracting them, and then 6nding in 
the tables the number whose logarithm is equal to this sum or 
difference, we have the product or quotient of the numbers. 

Or, if we have to find any power or root of a number, taking 
its logarithm out of the tables and multiplying or dividing it 
by the index of the power or root, and then finding in the tables 
the number whose logarithm is equal to this product or quo- 
tient, we have the power or root of the proposed number. 

So that, by the aid of a Table of Logarithms, the arithme- 
tical operations of multiplication and division of all numbers 
within the limits of the tables, may be replaced by addition and 
subtraction ; and those of involution and evolution by the single 
operation of multiplying or dividing by the index ; these ad- 
vantages of logarithms in eflV^cting numerical calculations, are 
ly seen in the case of large numbers. 
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12. Although there is no limit to the number of different 
systems of logarithms which may be formed, there are only two, 
of which use is ever made, the Napierian, and the Common 
System. 

Napierian logarithms, which are always employed in Analy- 
tical investigations, have for liase an incommensurable number e^ 
whose iirst eight digits are 2*7182818. 

Common logarithms, which are no less constantly employed 
in numerical calculations, have for base the number 10; and on 
account of the base being the same as the radix of the common 
scale of notation, this system has the advantage that its tables 
are far more comprehensive than are tables of the same size in 
any other system. 

The multiplier by which common logarithms are formed 
from Napierian logarithms, or the Modulus of the Common 
System, is (Art 6.) 

1 1 

0-48429448, 



log« 10 2*80258509 

so that logiofi 8 (0-48429448) log«n. 

In the course of this Treatise we use, in algebraical analysis, 
logn to express log^n ; and in formulae designed for numerical 
calculation, we use logn to express logiofi, any exception being 
specially mentioned. The suppression of the base in these two 
distinct cases can never lead to confusion, Napierian logarithms, 
as has been stated, being invariably employed in the former 
case, and common logarithms in the latter. Common logarithms 
are the only ones which are extensively registered in tables, and 
we shall now proceed to explain the arrangement and mode of 
using these tables. 

Propertiss of Logarithms to l»se 10. 

13. In the common system, as the logarithms of all num- 
bers which are not exact powers of ten are incommensurable, 
their values can only be obtained approximately, and are ex- 
pressed by decimals. A logarithm, therefore, wUl usually con- 
sist of a whole number, followed by a decimal part less than 1 ; 
and if the number to which it corresponds be less than 1, its 
entire value, both decimal part and integral part, will be n^- 
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tire. In the tables, however, it n usual to print positive 
decimals only ; we proceed to shew how, nevertheless, the lo- 
garithms of all numbers whatever, both the logarithms of num- 
bers less than 1, and whose values consequently are negative, 
and the logarithms of numbers greater than 10 and whose values 
consequently have an integral as well as decimal part, can be 
included in a table where only positive decimals are printed. 
The integral part of a logarithm is called its Characteristic. 

14. A negative logarithm may be expressed so that it's 
characteristic only shall be negative. 

Let - (n V d) be such a logarithm, n being its character- 
istic and d its decimal part ; then 

-. (n + d) « - (n + 1) + 1 - d « - (n + 1) t if , 

where the new decimal part <r is positive. Hence we see that 
the transformation of a logarithm entirely negative, into oile 
whose characteristic only is negative, is effected by increasing 
the characteristic by unity, and substituting for the decimal 
part its defect from 1, which is readily formed by subtracting 
the last digit on the right from 10, and the rest from 9. And 
conversely, a logarithm whose characteristic only is negative, 
may be made entirely negative, by performing on the dednaal 
part the operation just described, and diminishing the charac- 
teristic by 1. Thus ' ^>' 

- (8-2546899) - - 3 + (1 - 0*S346899) « - 5 -l- '7655101 

-5*7655101, 

 

where we place the sign - above the characteristic to shew that 
it affects only the characteristic ; and the whole is used as an 
abbreviated mode of writing -5 + 0*7655101. If, again, we 
wish to convert this into an expression entirely negative, we 
have 

5-7655101 - - 5 + -7655101 - - 2 - (i - 7655101) 

« - (2*2546899). 

Having thus shewn that the logarithm of every number 
whatever may be expressed so as to have a positive decimal 
part; we proceed in the next place to explain how the charac- 
teristic, positive or ne|;ative, may be determined. 
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15. In the common system, the characteristic of the loga- 
rithm of every number having n digits in its int^al part, is 
n — 1 ; and that of every decimal having n cyphers between the 
decimal point and first significant digit, is negative, and equal 
to n -f 1. 

For if a number consist of n digits, it lies between lif'^ 
and 10" (10"~^ being the least number which has n digits), and 
therefore its logarithm lies between the logarithms of tO^~' and 
10% or between n-1 and n, and therefore is composed of n-1 
units increased by a decimal part less than 1 ; that is, the cha- 
racteristic is equal to n — 1. 

Also, if a decimal have n cyphers between the decimal 

point and first significant digit, it lies between — - and ^ 

(since r is the least decimal that has n cyphers between the 

decimal point and first significant digit), and therefore its loga- 
rithm lies between the logarithms of these quantities, or between 
— n and - (n + 1), and therefore, when expressed with a posi- 
tive decimal part, is equal to - (n + 1) increased by a decimal 
part less than 1 ; that is, the characteristic is negative and 
equal to n + 1 ; or it is equal to the number marking the order 
of the first significant digit after the decimal point 

16. In practice, a negative logarithm is always expressed 
so that its characteristic only is negative; and in future we 
shall always suppose this to be the case. When negative loga^ 
rithms are expressed in this manner, there are certain peculi- 
arities in multiplying or dividing them by any quantity, which 
must be attended to, and will be understood from the following 
instances. 

If a logarithm, whose characteristic only is negative, is to 
be multiplied by any quantity, we must pay attention to the 
opposite signs of the characteristic and decimal part ; thus 

37653101 X 4--3X4 + 0*7653101 x 4 « 9-0612404. 

If a logarithm, whose characteristic only is negative, is to 
be divided by any number, we must make the characteristic 
divisible by the number, and correct the expression by a cor- 
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responding addition. Thus, if 7*3295642 is to be divided by 8, 
we have 

7-8295642 »- 9 + 2*3295642, 

.*. the quotient is 3*7765214. 
Ex. To find the 540^ root of -00007 ; having given 
log 7 » '8450980, log 9*824894 » -9928057. 

log (•00007)5»- — { -5 + -8450981 { -540 -f 535-845098 } 

»- 1 + -9923057 « log (-9824394) ; 
therefore the required root is -9824394. 

17* In the common system, the same decimal part serves 
for the logarithms of all numbers which differ from one another 
only in the position of the place of units relative to the signifi- 
cant digits. 

Let N, be any whole number, having n for the charac- 
teristic and d for the decimal part of its logarithm, so that 
logJV^-n+d. 

. First, let iV X 10" be a whole number having the same sig- 
nificant digits as JV, but having its place of units removed in 
places to the right ; then 

log (^x 10") « log 10^ + log JV « (m -h n) -h d^ 

which has m-^ n for its characteristic, and the same decimal 
part as log JV. 

Next, let N'T- 10" be a decimal having the same significant 
digits as Nj but having its place of units removed m places to 
the left ; then 

log (-RT-T-lO^) - log 10-* + log JV* «- m + ft -h d; 

now if the proposed decimal be greater than 1, or iV> 10^, and 
therefore log N> m, orn not less than m, 

log(iV'-T-10^)-(n-iii)+if; 

which has the positive characteristic n-m, and the same deci- 
mal part BslogN; 

but if the proposed decimal be less than 1, or N< 10", and 
therefore log N< m, or n less than m, then 

log(JV-M(r) — (m -n) +if; 
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SO that in this case alsoi provided the logarithm be expressed 
so that the characteristic only is negative, the decimal part is 
the same as that of log N. 

18. From the preceding observations we collect the prin- 
cipal advantages of tables of logarithms calculated to a base 
the same as the base of the system of notation, to be these ; 
that since the characteristics of all numbers whole or fractional 
are known by inspection, they need not be recorded ; and, the 
characteristic being omitted, the same record in the tables will 
serve for all numbers which have the same significant digits, 
and differ only in the position of the place of units relative to 
those digits. Thus the record *53866l7, which in reslity ex* 
presses the logarithm of d*4567» can be made to express the 
logarithms of 

345670, 3i567> 3456*7» 345'67> 34*567» 3-4567» *345e7> *0345<!7» 

or of any number formed by adding cyphers to the end of the 
former, or to the beginning of the latter immediately after the 
decimal point. 

The same abbreviations would not be practicable in a systenf 
whose base is different from the base of the system of notatioo. 

Thus, in the Napierian system, 
log. S-*69S1471 

log. 20 a log. 8 + log. 10 - 6931471 + 2*3025850 

* 2*9957529 ^ 

log. *2 - - (1-6094379) 

so that log. 2, log. 20, log.*2, would all require separate records ; 
and there would be no simpler mode of expressing the logarithm 
of a decimal, than by converting it into a fraction and taking the 
difference of the logarithms of its numerator and denominator. 

Mode of anng Tables of Logsiiihms. 

19* Tables of Logarithms contain all whole numbers, firom 
1 up to a certain limit, with their logarithms, in which the 
characteristic is usually suppressed. The tables in common 
use contain the logarithms of all numbers from I up to 
100000, that is, of all numbers consisting of not more than 
five digits, calculated to seven places of decimals. 
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In making use of Tables of Logarithms to eflect numerical 
calculations^ the two main problems which arise arc (l) any 
number being assigned, to find by means of the Tables, its 
logarithm ; and (S) a logarithm being given, to find the cor- 
responding number. 

20. Any number whatever N being given, to find, with 
the aid of the tables, its logarithm. 

The characteristic, whether JV be a whole number or a 
decimal, is known by inspection. 

When Nf leaving the decimal point out of consideration, 
has not more than five digits, the decimal part of its logarithm 
may be taken at once out of the tablet. 

When AT, leaving the decimal point out of consideration, 
exceeds the limits of the tables, i. e. has more than five digits, 
we must transpose the decimal point, so that the integral part 
may be contained in the tables, and may be the greatest possible. 
Let n be this integral part, and d the remaining decimal part 
of the proposed number; / the decimal part of the logarithm 
of n, and i the difl^erence between the logarithms of the num- 
bers fi and n •¥ 1 (this diflerence is always set down in the 
tables) ; making the proportion 

I : d :: i : Wf 

the value of w, viz. d x 2, is what must be added to / to get 
the decimal part of the logarithm of n + d, which is also the 
decimal part of the logarithm of the proposed number. 

The reason of this operation may be collected from simple 
considerations. If to equal differences between the numbers, 
corresponded equal differences between the logarithms, the 
differences of the logarithms would be always proportional to 
the differences of the numbers, and the above process would be 
rigorously exact. Now the inspection of the tables (see p. 113) 
shews us that the difference of the logarithms of consecutive 
whole numbers is very nearly constant, when the numbers are 
sufficiently large, and becomes more and more so, the larger 
the numbers are. Hence we are led to use the proportion in- 
dicated above, and at the same time we see that the number n 
should be the greatest possible. 

Ex. 1. Let the number be S456J. 

Look for the number 5456 in the column marked N (see 
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p. t]3), then in the adjoining column marked 0, we find the 
first three digits 538, and carrying the eye horizontally to the 
column marked 7» we find the remaining four digits 66l7 ; there- 
fore, introducing the characteristic, log 34567 « 4*53866l7« 

Ex. 2. Let the number be 3456789. 
Taking only five digits in the integral part, 

let n + d " 34567*89, 

then considering only the integral part n, we find, as above, 
leaving out the characteristic, 

log 34567 « '5386617 ; 

but n + d exceeds 34567 by *89, therefore its logarithm will 
exceed the above by a certain quantity to be calculated. Now 
log 34568 exceeds log 34567 by *0000186, or by 126 decimal 
units of the seventh order ; therefore, admitting the principle 
that the increment of the logarithm is proportional to the in* 
crement of the number, we determine the quantity 4r to be 
added to the latter logarithm by the proportion 

1 : 0*89 :: 1^6 : «; 
.*. 4^ - 126 X '89 - 12*6 X 8 + 1*26 x 9 - 100*8 + 11*34 « 112']4, 

or, omitting *14 which is less than the decimal unit of the 
seventh order, we have « « 112; 

.*. log 34567*89 - *53866l7 + '0000112 - -5386729, 
and consequently log 3456789 « 6-5386729. 

The trouble of multiplying 126 by 0-89 may be avoided ; 
for in the table, below 126, we see a column of proportional 
parts, which contains the products of this difference by ^, ^, Sec, 
or of 12*6 by 1, 2, 3, .•• 9 (the last digit in the integral part <^ 
each being always increased by 1 when the decimal part» 
which is neglected, is not less than *5) ; whence we obtain im- 
mediately, taking the numbers opposite the digits 8 and 9, 

126 X 0-8 m 101, 126 X 0*9 m 113, and ,*. 126 x -09 - 11 ; 

.-. 126 X 0-89 - 101 -f 11 « 112. 
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These calculations may be arranged as follows : 

N - 3456789 

log 34567 (diff. for 1 126) » '5586617 

for -8 (12*6 X 8) 101 

for -09 (1*26 X 9) 11 

.'. log 3456789 » €5386729. 

The proportion between the increments of numbers, and 
those of their logarithms, as has been stated, is not rigorously 
exact ; but it furnishes a sufficient approximation when the 
numbers are large, and their increments small. It is on that 
account essential to separate on the right of the given number, 
the smallest number possible of digits consistent with the Aze 
of the tables. 

Ex. 3. Let the number be 345678987. 

Here it is necessary to separate four digits on the right, 
and on calculating the difference corresponding to 0*89879 
(which may be done by taking the proportional part for each 
digit out of the table) we find 

126 X 0-8 a 101, 126 X -09 » 11*3, 126 x -008 - 1-01, 

126 X -0007 « *088. 

Hence, on adding these partial products together, we find 
the required log » 8*5386730 ; and we see that the last product, 
viz. that which results from the digit 7, has no influence on the 
seventh decimal of the logarithm. This example shews that, 
in general, when it is necessary to separate on the right more 
than three digits, we may count the fourth digit and all the 
others as lera 

When J\r contains decimals, we must leave the decimal 
point out of consideration, and proceed exactly as if JV were an 
integer ; the decimal part of the logarithm, as has been proved 
(Art. 17), will not be altered, and the characteristic, which is 
known beforehand, may then be prefixed* 

Thus, 

log 34-56789 - 1*5386729, log -003456789 - i-5386729« 

21. Hence to find the logaridim of a number which con- 
sists of more than five digits, and which is therefore beyond the 
limits of the ordinary tables, we have the following rule : 
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the decimal point out of consideration Ql the num- 
ber be a decimal), find the decimal part of the logarithm of the 
number formed by the first five digits ; next in the column of 
dilFerences have recourse to the difference immediately above 
the logarithm just mentioned, and from the column of propor- 
tional parts take the number corresponding to the sixth, 1-10^ 
of the number corresponding to the seventh, and 1-100^ of 
the number corresponding to the eighth digit, if there be any 
such digits ; add these numbers in their proper places (recol- 
lecting that the unif s place of the first is a decimal of the 
seventh order) to the logarithm of the number formed by the 
first five digits, and the result is the required decimal part of 
the logarithm of the number of 6, 7« or 8 places ; to which the 
characteristic, known by inspection, may then be prefixed. 

22. The second problem which occurs in using the tables 
is, a logarithm L being given, to find, with the aid ot the 
tables, the corresponding number. 

When the decimal part, /, of L is positive, and found 
exactly in the tables, we have only to take out the correspond- 
ing number ; and the given characteristic will determine the 
position of the place of units. 

When the decimal part, /, of the given logarithm is not 
found exactly in the tables, let n be the integer whose logarithm 
has a decimal part t immediately inferior to I, ^ the difference 
between the decimal part t and that which immedUately fdllowt 
it in the tables corresponding to n + 1, and ^ the difference I- /; 
making the proportion 

we find the fourth term dr -> ^ -r J, which we must reduce to a 
decimal, and add it to the number n ; we thus find a number 
whose logarithm has for decimal part 2, and from which we can 
deduce the required number, having regard to the characteristic, 
as in the preceding case. 

When the given logarithm is entirely negative, we must 
transform it so as to have the decimal part positive, and then 
proceed as explained above. 

Ex. 1. Let the given logarithm be 5-5S866l7« 
In the column marked we seek the logarithm which is next 
less than the decimal part of L, which we find to be 53857879 
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opposite to the namber S456 in the column marked N (see 
p. lis); then advancing in the horizontal line to the column 
marked 7, we find the four last decimals 66l7 of L. Hence 
affixing the digit 7 to S4S6 we have 345679 and since the given 
characteristic is 5, the required number is 345670. 

Ex. 2. Let the given logarithm be 2-53867S9. 
' In seeking for the decimal part in the tables as above, we 
find that it lies between *53866l7 and '5386743 ; if it were ex- 
actly equal to the former, the corresponding number would be 
34567, but as it surpasses *5S866l7 by 112, there will be an 
increase in 34567 ; and as the difference of the logarithms cor- 
responding to an increase of unity in 34567 is 126, the required 
increment 4r, admitting the common principle, will be found by 
the proportion 

126 : 112 :: 1 : «» 1 12 -S- 126 « 0*89. 

Therefore the required number,neglecting the decimal point, 
is 9^567S9^ and as the given characteristic is 2, the required 
number is 345-6789. By means of the table of proportional 
parts of the tabular difference, we may avoid the trouble of 
dividing 112 by 126. In the table of proportional parts of the 
difference 126, the part next less than 112 is 101, which cor- 
responds to *8, and there remains 11. If we put a zero to the 
right of 11, we have 110, which differs very little from the part 
113, which has 9 opposite to it ; we conclude therefore that 110 
corresponds to *9, and 11 to *Q9; consequently the required 
number is composed of the digits 3456789 ; and taking account 
of the characteristic, the number is 345*6789, as before. 
* These calculations may be arranged as follows : ' 

L m 2-5386729 

for 0-5386617 *. 34567 

1st rem. 112 

for 101 0*8 

2na rem* II 

for 11 o-09t 

.*. required number 345*6789 

Ex. 3. Let the given logarithm be - (1*4614822). 
Reducing this to another of which the characteristic mily 
is negative, we have 
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L - 2-538517S, 

and proceeding as in the last example, the number sought is 
*03455555. 

23. Hence to find the number corresponding to a given 
logarithm not exactly found in the tables, we have the following 
rule. 

Leaving the characteristic out of consideration, find the 
tabular logarithm immediately inferior to the ^ven logarithm, 
and take out the corresponding five digits ; also find the differ- 
ence S of these logarithms ; next in the column of differences 
have recourse to the difference which stands next above the 
tabular logarithm just mentioned, and in the table of propor- 
tional parts look for p that which is next less than ^, and take 
out the number opposite to it for the sixth digit ; subtract p 
from S and look for q the proportional part next less than ten 
times their difference Z\ and take out the number opposite to q 
for the seventh digit ; subtract q from ^ and look for the pro- 
portional part next less than 100 times their difference, and take 
out the number opposite to it for the eighth digit. Having 
thus found the seven or eight digits of which the number is 
composed, the given characteristic will determine the position 
of the decimal point. 

The following is a specimen of the .ordinary tables of loga- 
rithms of numbers ; the meaning of the cyphers printed in a 
smaller type is, that the first three figures of those logarithms 
are found in the line next below the numbers, their fourth 

figures having changed from 9s to Os. 

Log. SS7, N. Stt. 

Nt 1SS4SS789 DiC Pfev. 



3460 


6878191 


8317 


8443 


859 


8694 


A820 


894« 


9^2 


9198 


8te4 


186 




SI 


9450 


9575 


9701 


9827 


9953 


ft079 


0205 


0830 


0456 


0588 




IM 


52 


5S80708 


0834 


0959 


1085 


1211 


1837 


1463 


0588 


1714 


1840 






a 


6S 


1968 


2092 


2217 


2343 


2469 


2505 


S7S0 


2846 


2972 


8008 






m 


54 


8228 


3349 


3475 


3601 


3726 


3852 


8»78 


4103 


4229 


4855 






m 


55 


4481 


4606 


4732 


4858 


4988 


5109 


5235 


5360 


5486 


5612 






s 


56 


5787 


5863 


5989 


6114 


6240 


6366 


6491 


6617 


6743 


6868 


, 


• 


57 


6994 


7119 


7245 


7371 


7496 


7622 


7747 


7878 


7999 


8184 




m 

IM 


58 


8250 


8375 


8501 


8627 


8758 


8878 


9003 9129 


9255 


8880 






59 


9506 


9631 


9757 


9889 


0008 


0133 


0859 0884 


0510 


«635 







24. In actual calculations, it is often necessary to add 

several logarithms together, and from their sum to subtract 

other logarithms. In such cases it is convenient to reduce all 

the operations to a single addition, by adding the arithmetical 

8 
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oomplement of every logarithm that is to be subtracted (that is, 
its defect from 10), and diminishing the final result by as many 
tens as there are complements; the complements being all 
formed by the uniform operation of subtracting the last digit 
of each from 10, and all the other digits from 9* 

Ex. To find J? withm '01 where » « , 

681-8 X 598*1 

log 7840 a 8-8656961 , 

log 8549 « 8-5501060 

comp. log 681 -8 a 7'l668480 

comp. log 598-1 « 7*2268721 



.*. sum - 20, or log j? <■ 1*8090172 

w a 64*42* 

Exponential and Logarithmic Series. 

25. To expand a' in a series ascending by powers of w^ 
Le. io expand a number in a series ascending by powers of its 
logarithm. 

Since when 4? s 0, a' becomes 1, the first term of the deve- 
lopment will be 1 ; also, since a » 1 + (a - 1), and therefore 

«•- {l + (a- 1)}'- 1 + fl^ (a- !)+«(#- 1) ^^ " ^^ 

+ 4?(«-l)(^-2)l-^+8lC 

+ terms involving 4^, 4^, &c 

we may assume 

«• « 1 + pim + p^w^ + Pi** + tc, 

where Pj, the coeflicient of «, 

.(a-i)-i(a-i)* + i(a-l)».fcc, 

and p,, p,, &c the coefllcients of the other powers of «, are 
indeterminate quantities, independent of x. To find them, we 
shall make use of the characteristic property of the expression 
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tf*, yii. a* X o'' « a^^^. Changing, in the ahore seriei, w into 
y, and into x-^y suocesdveljr, we get 

therefore, in order to verify the property a* x «>' — o'+y, we 
must have 

(1 + pi* + pt«^ + Pt^ + P4«* + &C.) 

- 1 + Pi (« + y) + Pt (« + »)* + ft (« + y)* + P4 (« + yY + kc. 

If we elFect the operations indicated, and consider in par- 
ticular the part which involves the first power of y in each 
member, since these parts must be equal, we shall have 

Pi+p,*«+piPi«^+p,p»«*+&c, « pi-l-2pt^ + 5pi«'-l-4p««'+&c 

and as this equation holds for all values of «, the coefficients of 
like powers must be equal, 

••• 2 A - Pi% Sft - pipt, 4p4 - Pift , &C, 
Pi* Pi' Pi* 

and substituting these values, the series becomes 

Pi« P?^ P\^ Pi*** 

1| 1.2 1.8.3 1.8.8.4 

where p, - a - 1 - ^(a - !)• + J (a - 1)' -i(a - 1)* + fcc 

26. The above expansion of a' being true for all values 

of «, make 

1 
Pi«« 1, or «■> ; 

Pi 

/, oft » 8 ^. . 4- + + Sec. 

8 8.3 8.3.4 

According to the usual notation, let e represent this num^ 

rical series ; .% a'* « e, and a « e^i , and consequently pi is 
the logarithm of a in a system whose base is e, or pi « log^ a ; 
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If the exponentia Iquantity be e'^ making a « € and log^a 
«• logf€ n 1, we get 

e*- 1 + - + — + + &C. ; 

1 1.2 1.8.S 

and we alao have 

log,a -pi= (o - 1) -^(a - \y + J(a- i)»- fee, 

11 1 [ 

27. The quantity e or « + - + + + &e. is 

incommeDBurable. 

For since - + -1- -i- &c is less than the ireome- 

2 2.S 2.S,4 ® 

trical progression 

- -I- -- -I- -= + be, the sum of which is 1. 

e lies between 2 and S ; and therefore if e can be expressed 

fit 
exactly by any number, it must be by a fraction — . Suppose 

It 

then that 

IIS 1 1 1 . 1 

n 2 2.3 2.3.».n 2 •d...(fi + 1) 

therefore, multiplying both sides by 2 . 8...(fi - l)n, we gel 

^ ^ n + 1 (n + l)(n-i-2) 

where N denotes an int^»r. But since + 7 77 r + he 

^ n+1 (n-i-l)(fi+2) 

is less than the geometrical progression -¥ r^ -f &c., 

the sum of which is - , it would follow that by adding JV* to a 

fraction less than — , the result is a whole number, which is 

n 

absurd. Therefore e is incommensurable. 



.^^thmt^i II I  "1^ 
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If we convert a small number of terms of the series into 
decimals, we find the value of €, as stated above, 

- 2 + -5 + -166666 + -041666 + *0083dS + '001388 + &c, 

a 2*7182818; 

and we may easily find a limit to the error committed in taking 
only n terms of this series for the value of e ; for the error, 
which is the sum of the remaining terms, 

1 f 1 1 1 

" 1.2. S...n\n4 1 "*" (n + l)(n + 2) "*■ ^J* 

which, by what has been shewn, is less than .-^ • 

28. To expand log^ (1 + «) in a series ascending by powers 
of «. 

We cannot attempt tadevelope log.« in a series of the form 
A -f Bjf + Ca^ + &c., since when « « 0, logg« becomes infinite; 
but we may seek to develope log, (1 + «) in a series of that 
form, since this becomes zero when «  0, and therefore cannot 
involve any term independent of or, or any negative power of 4r ; 
consequently we may assume 

log, (1 + «) « ^« + Bd^ + C^ + D#* + &c....(l) ; 

change w into « -I- y, and we have 

log.(l + « +y) « ^(4r + y) -I- jB (« + y)' + C(« ^ y)* + fcc 

Now i+« + y(i+4r)fl + Y^j, - 
.-. log.(l +J^ + y)-lofc(l + «) + log.^I + -A_j; 
but changing » into in equation (l), we have 

^•V 1+*/ l+# (!+«)• *^ 

••. log.(l+«-|.y)-log.(l+ar) +-^ + -^?L + fcc. 

1 + « (!+#)' 

We have thus a second expresrion for log; (!•«-«+ y); and 

as the coeflicients of similar powers of y must be equal in the 

two, we find 

A + ftBw + 8C«» + 4Dt^ + fcc ; 

l + # 






1 
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or, multiplying both sides by 1 + d?, and transposing, 

{J + 2B)» + (25 + SC)a^ + (SC + 4D)«* + &c - 0. 

Therefore, since op is indeterminate, J+8J3«0, s£-fSC«-0, 
SC + 42> >- 0, &c ; or B « - ^J, C - ^i<, D « - ^A, &c. 

and 

/ «• jp* jf* \ 

log.(l + J?) -^1^^^-- + ---. + &c.j. 

Now as this is true for all values of ^, put 1 + /p » a> then 
(Art 26), 
log.a » 1 » ^ {a - 1 - ^ (a -l)'-f ^ (a - 1)'- be.} - Alog^a ; 

••• log. (1 + ar) « J— («-i«» + ^«»-i«* + kc). 

29. The coefficient A, however, may be determined di- 
rectly, without assuming the expansion of log^a. For since 

it appears that A is the value of -^ when 4r ■> 0. But 



n«Jdng.-i, weW 



log.(l + «) 



«log.(l + i)-log.(l + i)'. 



Now 



1 n (n - 1) 1 

1 +».- + — -'— - — . — + &e. 

n l.S n* 



-«*(i-i)>G:r,){i-rJ^'- 

and when we make n » oo t which corresponds to the supposi- 
tion « IB 0, the second member is reduced to 

2 + - + -— + 8ic, or «; 
2 2.S 

.•.J-log.«-j^;(Art.6) 
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and supposing a » e, so that log^a *- log^e >- !» 

30. We are now able to prove the proportion assumed 

above between the increments of numbers and those of 

logarithms, when the numbers are large and their 

small. For since 

f d\ (d liP \ d 
logjo (n + d) - log^n = logjo (^^ + ^ j - '^ ^- - In^'^^^J " ^n* 

if n be a large number, and d a fraction of a unit, so that all 
the terms except the first may be neglected ; therefore making 

d^h log,o(n + 1) - logioii - - ; 

but log,0(n + 1) -logioA is the difference of consecutive lo- 
garithms, and is given in the tables « j; 

•'• logio (n^d)-- logi^n - di, 
or log,^ (n +d) m logion + di^ 

which gives the logarithm of a number by means of those of 
the consecutive integers between which it Ues. 

And conversely, if logio (n + d) "~ ^gio^ he given • f . 

then d^^jt which is the fraction to be added to n to form 

the number corresponding to a logarithm lying between the- 
logarithms of n and n + 1. 

31. The series log, (1 + jp)c-«-^^+ fi^ - &c is not 
convergent except for values of a less than 1, but it will enable 
us to deduce others which serve for greater values of w. Chang- 
ing w into - Wj we get 

and subtracting log, (l - w) from log, (l +4?), we find the loga- 
rithm of the quotient of 1 + « by 1 - «, vis. 

**«-(t^)-*{t + i + i+^- 

32. In this, replace by 1 -f - , so that w -i , 

1 — # ft . 8n + M 

then since 

lo&(l+^) -»o&(~^-log,(n + jr)-log,m 
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wc have 

log,(«-f «)-log,n 

m 

a convenient formula by which, if n be a large number and x 
a small one, we may ascend from log^n to log^ (n + x). 
If jp « 1, we have 

^ j_i_ ^ 1 (_i_)M (_i_y ^ &c.} (,). 

33. Again, replacing by — , and therefore w by 

y we have 



m + fft 



which will give the logarithm of any number m by means of 
that of an inferior number n ; and from which we may deduce 
a variety of formulae, taking for m and n expressions capable 
of being resolved into simple factors, and which differ only in 
their last terms. 

Thus, let m a 49^, n « 4f^ * 1, then • — ^-r — , and 

log, (^j -2log,« - log,(ar - 1) - log,(jr + 1), 
••• log, (j? -hi) - 2log,» - log, (w - 1) 

a formula by which, having given the Napierian logarithms of 
oonsecutive numbers « - 1 and x^ we may find that of the 
number next foUowing. 
Similarly, making 
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we obtain a formula connecting the logarithms of « - 2, « — 1^ 
« -f 1, « + 8. 

34. In making use of these series to actually compute 
logarithms, for low primes we should use (l). Thus, making 
n <a 1, 2, we have 

» 8 {'SSSSSS33S + -012345678 + -000823045 + *000065321 

+ -000005645 ^ -000000513 + &c} 
- 2 {-346573536} « -693147172. 

(11*11.1 
log,3.1ofo2 + 2|- + 5.p + j.^ + fcaJ 

4 1 16 1 64 . 

Blog.2 +r-+ -•-:3 + --^3+ &c - 1-09861229* 
®* 10 3 1<*» 5 10^ ^ --^ 



For high primes we should use formula (2) ; and for 
posite numbers, having resolved them into powers of their 
prime factors, we should find their logarithms by means of the 
logarithms of their prime factors. Thus 

log.5.«log.4-log.S-e{l + i(l)%i(iy + fcc| 

m 2*772588688 - 1*09861229 ^ 
- 2 {-032258064 -¥ "000011189} 
« 1*6094379. 
log^ 10 - log^2 + log, 5 « 2*3025851. 

The Napierian logarithms of all numbers bang thus oom- 
puted, the logarithms to base 10 are found from them, as has 
been stated, by multiplying them by the constant fieictor 

^ a 1 -7- log, 10 m -43429448. 

Series for Logarithmic Sines and CodnesL 

35. We shall here shew how, without knowing the values 
of the sines and cosines themselves, the values of their log^i. 
rithms may be computed to any degree of exactness. 



i 
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It is proTcd (Art. 155) that 



«-^- (1-^(1-^) (l-^)... 



Put©=— -, then 
n S 



Hence, talcing the common logarithms of both sides of these 
equations, and expanding the logarithms of all the binomial 
factors (except the first in each, to ensure sufficient accuracy) 
by Art S8» we get 



log sin -■ logx 4 logm + log (8n -f m) + log Qtn - m) 

It £ 

-3(log8+logft) 

Kl 1 1 . \ !»• 1/1 1 . \ m* 

fit w 

log COS « log (n + III) + log (n - m) * 8 logn 

It 8 

frpm which series, by giving m and n proper values, the values 
of the logarithms of all sines and cosines may be computed, in- 
dependently of the values of the sines and cosines themselves. 



i_:jl iil|-r I -^ .—   .^-^ .^^,^^...,^,^..M^.,t^^.m^^^^M^m.^^m^^^^i .. — .^»^.^..— -.^^— ^ .. . ^^^ • -ii * ♦■^■ifciia l^^lll^ 
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PROBLEMS. 



1. ExPEEss COS mO cos nO cos r by the sum of a series 
of cosines of multiples of 0. 

First we have Scosmdcosnda cos (m + n)0+ cos (m-^n^Oi 

« 

.*• 4cosfii0cosndoosr9 
B 2cos(m •i-n)0cosrO + 2cos(m— n)9cosr9 
a cos (m + n + r) + cos (m + ^ — r) + cos (m — n-¥r)0 

+ cos (m - ft - r) ft 

2. Prove that sinSj -4sin j8in(G0* + jtf)sin(GO^- i). 
The second member a 4 sin ^ (sin* QCf — sin* J) 

8 4 sin J [ — sin* J ] •- 8 sin^ — 4 sin*^. 

3. Express sin* x cosP by a series of sines of multiples 
of 0. 

sin*0 .cos'0 « -sin (sinS^V « - sb 0(1 - oos40) 

4 8 

« - 8in0 - — (sin 50 - sin Sff). 
8 Id 

4. In any circle the chord of an arc of 108* is equal to 
the sum of the chords of S9 and 6(f. 

If r be the radius of the circle, chord of 108* ■- 8r sin 54* 

-^r(>/i+l)-ir(v^-l) 4-r-2rsbl8* + Srsin8Q^ 

- chord of 80^ + chord of 60^. ' 

^ sin* a — sin* Q 

5. Prove that tan (« + /3)--, T^ ^ ^ 

sin a cos a — sin p oosp 

^, , , 2 sin*a - S sin* )3 cos2/3-cos«a 

The 2nd member - -r-- z-—^ - -. -r- — •— -^ 

sm 2a - sin 2/3 sin 2a - sin 2p 

2sin(a-fi3)sin(a-^) 

2Gos(a + /:))sin(a-/3) ^ ^ ^^ 



I 
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1 + (cosec a tan jr)* 1 + (cot grin jr)* 

6. Prove that ^ ^ (eosecjS tan ar)* " l + (cot/38in«)«* 

co8*« + (1 + cot'a) sin'jf 

The 1 st member « — r j- >ii3\ :^t^ 

cos* ar + (1 + cot"p) 8m'# 

1 + (cot a sin «)* 
■* 1 + (cot /3 sin ay " 

7. Prove that sin"' V -^ - tan"* V-. 

a + # a 

Let Un-" V-«d; .-. tan0- \/-, 




a a a + # 

A 9 « nn- > V — ^ - tan-* V- . 

a + 4r a 

a tan-'( '"'^ Uten-'(*"°°^U». 
\1— 4rsin0/ \ cos^ / ^ 

(d? - Sin 0) sin \1 - # sin ^/ 

oos'0 

• • /> MO (a + iS) on (a — i3) 

9. tan*a-tan'i3« — ^ y ^ts — ^. 

*^ cos»acos*^ 

The Ist member « (tana -f tan j3) (tan a - tan )3) 

sin (g -t- ^ sin(a^)3) 
cosgcosjS *co8aoos^* 

«j*.««*A« •^. A..* yk singsino 

10. If sin0>-Bing.sm(0+0) thentand*-! ; J-—- 

^ l^sinacos^ 

Forsin0— singsin^cosO + singcos^dntf; 
.*• tan ■> sin g sin ^ + sin g cos tan 9^ 
or tan (1 - nn g cos 0) « dn g sin ^ 



y 
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11. If tantfacosataii^ 

then tan (0 - 0) « \x ^ . 

^^ ' l+tan*^aoo82^ 

For tan (0 - 0) 21«^ . 

^^ ^ l+tan^tan0 

tan (1 - cos a) £ sin cos ^ (1 - oosa) 
1 + tan'^cosa 2co^^ + Ssin^^oosa 

an 2^(1— cos a) tan^^adn^^ 

l+cosa-l- (cos'^- sin'^)(] -cosa) I + tan*^aoos2^ * 

12. Ifmscosec0 — 8in0, n asec0 — oos09 

then fi4fti + iiJfil« 1. 

cos*0 8in*0 

Form «■ -r— ;;- f «• zif •". mn  COS sin ; 

sin cos 

. . , coiJ0 8int0 oo8*0-|.sin*0 i 
and ml + fti - — -- + — p- « » . 

sini0 coJ0 (sin COS 0)1 (mnfl 

13. To find m in terms of a from the equations 

m* a -3 cos* + 1, tan* ^ ^ « tan a. 

4(1 -tanla -l-tania) 4(1 -i- tan* a) 

(1+Unlo)* (1 + taiJa)' 

4 2 



(ooala + sinl of (cod a •§- sinia)i 

14. Ifa-l-i3 + 7-x, then 

cos^a + coflP/S + coi^Y -i- 2cosacosj3cos7 — 1. 

The equation may be written 

cosa(cosa-fcos/3Gos7)+cosj3(cos/3 + cosacoS7)>-l-cosP«y9 

butaai ir- (/3 + 7); /.cosas— oosj3oos7 + dn/3sin79 &ei; 

.*• cos a • sin /3 nn 7 + cos /3 . un a sin 7 » sin' 79 

or cos a sin /3 -K sin a cos /3 — sin (a + jS) -> sin7f 

which is true. 



f 
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• _ 

16. If a + /J + 7 - w, then squaring sin J 03 + 7) « cos^a, 
sin*Ja+sin*^/3 + 8in*i7 + 2sin Ja8in^/3sin^7- 1. 

cos/3 + 8in7 - sin a 1 + tan^j3 
The first member 

sin QS + 7) -H sin7 - sin )3 4co*^03 + 7)sin^7Cos^/3 

" sin (a + 7) + sin 7 - sin a 4 cos -j^ (a + 7) sin -j^ 7 cos -j^ a 

^*(i^"i°) . co»(i^-|i8) ^ 1-1- ten ^ g 
* cos^a cos^)3 "l + ten^^* 

17. If sin'^«8in(a-«)Mn(/3-«)sin(7-^), where 
o+i3 + 7-», 

then cot « a cot a + cot )3 + cot 7 

cosec^jT* cosec'a + cosecP/3 + cose^7. 

_ sin (a- «) sin (fi -w) sin (7- «) 

For oosec a oosec p oosec 7 s -^ ; — , . . — .-r- — -r—  

' sin a sm « sin p sin 47 sm 7 sin « 

« (cot« - cot a) (cot 4T - cot/3) (cot 4? - oot7) ; 

••. cot*jr - (cot a + cot/3 + cot 7) cot'jr 

+ (cotacotj3 + cotacot7 + eot j3cot7)cot4r 

- (cot a cotjS cot 7 + coseco cosecjS cosec 7) •■ 0^ 

or (see Art. 56) 

co^* - (cot a + cot j3 + cot7) (1 -f cot*«) + cotjr - 0; 

.•. rejecting the factor 1 + cot*jr, cot« « cota -f cot /3 + C6t7; 

.-. ^cot*4?-cot*o + cot*/3 + cot*7 + «; 

.-. cosecP« - cosec*a + cosec* /3 + cosec* 7. 

18. Find from the equation sin* 20 - sin*0 -■ \. 
Letsind-tf; .•• (24? \/l -«*)«-<»»- i; 

.•• 164?* - l^^ + 1 « (44;* - !)• - 4«* - 0, 
or (4«^ -1+2*) (44J* - I - 2.?) - 0; 
.♦. « - i (1 A \/«), ori(-lAv^), 
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••. sin a sin ( Jb — | , or sin ( sk — ) ; 

V 10/ V 10/ 

y» «• Sir 

•• ff « nir A — 9 ornwA — , 

10 10 

both of which are included in 0s (nab-ak — I ir» 

V 5 10/ • 

n being any positive or negative integer, and the signs being 
combined in any manner. Similarly in the equation 

tan0 + cot9ai» ff-^nx + C-l)*.— », 

which may be otherwise expressed (^ + ~ "^ ^) *** 

19. Find from the equation tan'0 « tan (9 -o), and 
shew that it will not be real unless sin a be less than ^ 

• ,^ tan(0-a) l-tan*0 tan - tan (9 - a) 

tan'0-i ^ ; ••• r:;- ■;: t;; rt 

tan0 l-ftan'0 tan0 + tan(9- a) 

^ sin a • ^ A X A 

or cos 20  -:— 7-;r -, or 2 sm a « 2sin (20 — a)cos80 

sin (20 - a) ' ^ ^ 

« sin (40 — a) — dna; __ 

.'. sin (40- a) »-3sina, and «^ {a + sin*^ (Ssina)}. 

20. Find from the equation 

sin 0. sin (2a + 0) -t-noosPa -O, 

1 

and shew that it cannot be real unless cosa < . • 

VI +n 

21. Find w in an algebraical form from the equation 

w w 

sec'* a + sec"* - - sec"* h + sec*"* r . ^ « d^V. 

a b 

22. Find from the equation 

tan0 + 2cot20« sin0(l +tan0tan^0)9 



C 

4 
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1 - tan* ^ . yi r /I 1 ytv 
or tan0 + 2. ^^ « cot0 - 8ind(l -f tondtanld); 

Stan0 

.\ cot*0*-sin0(cot0+ tan^d) « cos0 + Ssin'^O- 1; 

4 

23. To shew a priori that tana, expressed in terms of 
sin 4o, wiU have four values, and to find them. .. _ 

Suppose that tan a» F (sin 4 a), then because in the second 
member we may write nx + ( - l)".4a for 4a without altering 
its value, the first member must be the value of 

tan {inir + (-l)".a}, 

which expression (n being any integer, and therefore of one of 
the forms 4iii, 4m + I, 4m + S, 4m -f 3) can only have the four 
values tan a, tan (^w - a), tan (^x + a), tan (Jw - a). To 
find these values in terms of sin 4 a, let 4? « tan o, and 

- « sin 4a «* 8 sin 8a cos 2a 

[ a 

2 tana l-tan*a ^wll^jf) 

1 + tan«a * 1 + tan'a (l ^. *»)• / 



or 



(,-iy+4a(*-i)+4««-4(««-l); 



.•. tana « ^  {\/a + 1 - y/o\ . | - y/a - 1 + ^/a} 

(Vl + rin 4a - 1) ( - \/l -sin 4a + 1) 
• ; — , 

sin 4a 
which expression contains implicitly the four values. 

24. If cos « coaPa - sin* a y/^l -c^sin' O, then is given 
by the equation tan-^0 « tanav^l '-c'sin'a. 
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/. c'rin^a (1 + cos^ « rin»a (1 - y/l -c'siii'tf) ; 
.-. 1 + c* 8iV a - CO80 (1 - c^ no* a) « 2 rin'a s 

^ 1—2 sin*a + c* inn* a 
1 - c" 8in* a 

* 1 + COS0 ^ ' 

25. If secasecO + Unatantfa sec/S, then 

8ecataii0+tana8ec0«tan/3. 
Squaring the first, 

sec^a sec'd+S aeca tana 8ec0 tan0-i-tan'a tan*0-i8ec*/3| 
but B6C*a -tan'a » 1; 

/. 8e<^atan'0 + 8 Beca tana 8ec0Un0 + tan'a 86(^0- tan* /Sy 

or 8ecatan0 + tana seed • tan/3. 

26. tan 9*- v/i + 1 - a/s + « \/5. 



Since CM 18««\/i - ^ (y^ - i)» - ^ V^loTi^ 



tan 9^ 



16 

1-C0S18* 
sinlg* 



4- Vl0 + 2\/5 y- / 7« 

7= -V5+ 1 - V5 + «\/5. 

V 5 — 1 

27* Given the areas ^ and £ of the regular inscribed 
and circumscribed polygons of a circle, to find the areas a and 
6 of the regular polygons of double the number of sides, 
inscribed in and circumscribed about the same ciide. 

If r be the radius of the circle 

A « inr"sin — - nr* sin— cos-, ^-■nr'tan^; 



►'. « — 4 inr^ sin — - nt^ sin - «■ \/ AB% 



9 
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1+co.- I+V5 

28. Shew that 
t,n-i AjI^ + tan-' ^^^ + &c. - tan"' <, - tan'' *. . 



tan-«/,-Un-'<,-taii-'^l^, 
tan-' <, - tan-' <, - tan-* — — - , 

1 + HH 



... Ua.-'^-tan-W.-t«»-'^4-t«»-':^ + «cc 

+ tan '- — ' — J-. 

29. Prove that tan 2a - « tan Ja + tan"* (tan* a)}. 

tan a + tan' a 2 tan a 



The Snd member >■ 2 . 



l-*tan^a l-tan"o 



30. To determine an angle {&) less than a right angle 
whose circular measure equals its cotangent. 

Since Jir--7854, and cot^*--!, we shall hare 0-^x+a, 
where a is a small fraction ; then if ^v « 1 - «, 

_ 1 -tana 

1 - » + a.«cot(i«- + a) «-; — > 

^* ^ 1 + tan a 

ora-« + (8 + a-«)tana-0; or, putting tana -a + ^fl^f 



/ 
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.'. So + - — -, or6«« — , andcaO; 
9 » «7 

« '7854 -I- -07155 + *00S41 - *860S4; 
.-. -i - © X 57*. 29577 - 4J)P. 17* nearly. 

31. To approximate to the positiye Taluet of in the 
equation tan0«0. 

Every value of will evidently be of the form 11 • a» 

where n it an odd number greater than 1, and a it a small 
fraction that decreases rapidly as n increases. Hence 

^ nw - a « cotoy or, putting « » — , \ 

nw I 

tan a (1 — a^r) • « « ; or, since a is smaUt 
or a + -o* + -— - » (1 + a' + -o*). 

5 15 3 

Assume a <- or + a^r* + &«*; 

B dr + «> + f «a + i) ^ '*' ''^ • 

« , . IS , /, «^ 1«^\ 

.•. a« - and 6 - — ; anda«4f II + — + — <rj » 

n being any odd number > 1. If n « 3, then -> 4*4934113. 

82. To prove that 

2 sin 30^ {1 - ( - ^"J - y/2 - ->/« - &C.' to n terms. 

For J write 45*- « in the formula S sin Amy/%^%co^%Ai 

9— « 



'" * '* ' f '^-*- ~" t m, m< ^» «(•• «. ^. .** «,.*»,, 
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.•• S m (46* - ») ■• v^S - 2 sin 2« ; 
put 2« « 45*, (1 - ^) 45% (I - i + i) 45*, &c. successivdy ; 

.•. « dn (1 - J) 45*- V^« - \/i, 

«8m (1 - ^ + i) 45*- V 2 - \/2 - V"*, &C. 
« sin { I - i + i - 8ic. + ( - i)- * } 45* - %/« - \/«-&c^ 
or ««in| {l - ( - i)"} 45^ - V 2 - \/2 - &c. to n tennt. 



45* 



Similarly, 2 cos —  v 2 + \/2 + &c. to n tenns, 

33. Find the angles of a triangle where 3 c «■ 7b» and 
I A^ff. Sf. 24" ; having giyen 

log 2 « -3010300, L tan 3*. 18'. 42''» 8*7624069, 

L tan a'. 13'. SiOT^ 9*16030839 diff. for 10"'- I486. 

.*. Ltan(^^-i-B)-l-2log2 + Ltan^J 

m 1 - -6020600 + 8*7624069 - 9*l603469 ; 
.-. \A-\^Bmtf. 13'. 52",6 ; .-.1? - 4*. 5Sf. 10",6. 

34. The angle which the Earth^s radius subtends at the 
Sun being 8^,571 16, find the distance of the Sun from the Earth 
expressed in terms of the Earth^s radius. 

Let T be the radius of a section of the Earth, made by a 
plane through its center perpendicular to the line joining ita 
center with the Sun^s center ; then if be the circular measure 
of the angle which r subtends at the Sun^s center, and d >■ dis- 
tance of centers, 

^ - tanO - Onearly, since is Tery small, 
a 

8^57116 0*00238 



37*. «9377 57*29577 * 
A d <■ f X 24074 » about 24 thousand times the Earth^s radius. 
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SiiDilailjy the aiig;k wUdi r subtends at the Mood being 
si. x"^^ the Moon^s distance » 60,2796 tinics of the Earth^s 
radios. 

35. Having given that two points, eadi 10 feet above the 
surface^ cease to be visible from eadi otherover still water at a 
distance of 8 miles, find the Earth^s diameter. , 

Let Aj By (fig. 36.) be the two points^ then AB is a tan- 
gent to the Earth^s surface at iu middle point D; AD « DE 

nearly « 4 miles, and AE a 10 feet « miles. Let C 

'^ S X 1760 

be the Earth^s center, and CD « r, then AE-i^r-k-AE)^ ADT^ 

or 8r . -r- " l6 nearly ; .-• r » 4£24 miles. 

S X 1760 ^ 

36. Find the number of minutes and seconds in the aogle 
which a flag-staff 5 yards long and standing on the U^ of a 
tower two hundred yards high, subtends at a point io the hori- 
zontal plane 100 yards from the foot of the tower. 

Draw PC (fig. 57) perpendicular to AC^ and let be the 
circular measure of the angle PAC ; then ance is very smaU^ 

^ PC CD 00% B AC cot? B AC 1 

0- tan0« m m m • 

AC ABwcBAC SO 100 

^,^ 57*. 99577 ^ , ^^ 

.\ ^ PAC — — - 0^. 5729577 - 34'. 82^,64. 

100 

37. The sides of a triangle are in arithmetical progression, 
and its area is to that of an equilateral triangle of the same 
perimeter as S to 5. Shew that its largest angle equals 60^. 

If 6a be the perimeter of the equilateral triangle, its area 

» ^4a* sin 60^ • a*^/s; let fta - or, 8a, 2a + «f be the sides 
of the other triangle, then its 

(area)* - 3a {a -^ a) a (a - w) ^ I ^ — 1 ; 

1^9. 4a 

... a«-^.^a«, or^.-. 



 ^ J« y V * i i>*<%>^ 
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Let A be the greatest angle which is opporite ia •¥», 

zarea 5 • . /- 
then«nJ-— ^^^^^ gT-*'^- 

38. Having given the perimeter (2«) and the three angles 
of a triangle, to find, the sides. .-^ - - 

» 

atan^Jtanj^J?; ••. c a«(l - ten^u< tan^ A). 

39. The angles of elevation a, j3, 7» of an object above a 
horizontal plane are taken at three known stations in the same 
line in that plane; to determine its altitude. 

Let the altitude OD^x (fig. 38.), then JD-^coto, 
DB a drootjS, DC » dr cot 7 ; also let AB - a, BC » h\ then 

6V««cot*/3-«*cot«7 ii^-f4y^cot^ j3-jy*cot*a 

cos DBC a ;; 7; ■* — — « — 7~7J 9 

, Stbjffcota Stawcoip 

1 aft (a + 5) 



acot*7 + 6cot*a - (a + 6) cot* /3* 

40. A circle may be described through the centers of four 
circles, each of which touches one side and the two adjacent ones 
produced of any quadrilateral. Let the lines bisecting the ex- 
terior angles meet in 0» Oi, Of, O^, (fig. 89)9 these are the 
centers of the four drdes. 

JNow 1 0-180^ - ^ (^ + JD), {A and D denoting the ex- 
terior angles), 

Z Oa - 180^ - ^ (ir ••- C) ; 

.-. + Ot » 860<^ - ^ (J+i3+C+D) - 180^, 

since all the exterior angles of any rectilinear figure are together 
equal to four right angles. Hence a circle may be described 
through O, 0|, 0^9 O,. 

41. When a quadrilateral is capable of having both a circle 
inscribed in it and one circumscribed about it, its area equals 
the square root of the product of its sides. 
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Suppose the inscribed circle to touch the sides in the pcuntt 
ihbfC^d (fig. STy Plate i.), then 

Ad m Ath Dd a Dc, Cb ^Ce^ B6 - JIa ; 

.'. adding these equations together, we get 

AD + BC^'AB-^ DCf or a + c -> 6 + <i; 
.*. ^ perimeter ^sa + c^ or a6 + <f; 

.'. area « \/(« - a) (« - 6) (« - c) (» - rf) « \/abcd. 

42. To construct a triangle similar to a given triangle, 
whose angular points shall be in three given parallel straight 
lines ; and to find expressions for its sides.' 

Take any point D in LK (fig. 40), make angles LDC^ 
KDB9 equal to two of the given angles;, therefore BDC is 
equal to the third. 

Join BC3 and about A DBC describe a circle cutting LK 
in A ; then ABC is the required triangle ; . for z ABC « ADCj 
and z CAB « CDB. AUo 

BC « Biy + DC* - 2BD . DCcos^ 

"UnCJ ■*' Uni?/ "sinilsinC^ * 
since DC sin J7 « LIT a 6, BDAuC^ML^mt. 

43. If an equilateral triangle have its angular points in 
three parallel straight lines of which the middle one is distant 



from the outside ones by ft, c, its side will 



,V^±fl±*f 



44. In any triangle, the point of intersection of the per- 
pendiculars from the angles on the opposite sides, the point 
of intersection of the lines perpendicular to the sides through 
their middle points, and the point of intersection of the lines 
drawn bisecting the sides from the opposite angles, are in a 
straight line. 

P the intersection of the perpendiculars (fig. 41), 

O the center of ihe circumscribed circle, 

OM perpendicular to CB. Join AM^ OP^ cutting one. 
another in Gf; 







( 



I 



I* 

4 
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then J9Af- OC oo6^« — ^cosil- — r-;;-i^-P» 

.% 6 is tbe point of intersection of the lines drawn bisecting 
the sides from the opposite angles. 

45. If from the angles J^ B^ C ot a triangle three lines 
be drawn through any point O to meet the opposite sides in at 
/3t Y, then the continued product of the alternate segments of 
the sides are equal to one another, that is, (fig. 4S), 

Jfi.Ca.By^Ay.Ba.Cfi. 

Since triangles on the same base are to one another as their 
altitudes, 

aAOB Jfi aJOC Ca HiBOC ^By 
TCOB^C^^ /^AOB" Ba* A^0C"^7* 

Afi Ca By ^^ ^ ^ ^/» » ^ 

.-. 7^.-5-. -7"^ - 1> or A fi.Ca. By Cfi. Ba . Ay. 
C/5 Ba Ay 

Hence if three points in the sides of a triangle can be 
shewn to satisfy this condition, the lines joining them with the 
opposite angles will intersect in the same point. The condition 
is satisfied in the following cases. 

(1) Let a, /3, 7 be the feet of the perpendiculars dropped 
from the angles upon the opposite sides, then each side of the 
above equation equals ahe cos A cos B cos C. 

(2) Let a, /3, 7 be the intersections of the lines bisecting 

he 
the angles with the opposite sides, then Ay ^ -r , and each 

side of the equation equals -^ — -r r-- r • 

(a + 6) (a + c) (6 -t- e) 

(3) Let a, /3, 7 be the middle points of the ndes; then 
the condition is evidently satisfied. 

(4) Let a, /3, 7 be the points of contact of the inscribed 
circle, then Aji^Ay, and the condition is evidently satisfied. 

The above condition may be also expressed as follows : 

A& ABiinABO Ca AC sin CAP By BCmBCO 
Cfi " JJCsin CBO ' Ba^ AB sin BAO' Ay " AC dn ACO^ 
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un ABO no CAO sin BCO 
sin CBO SID BAO sin ACO * 

46. If from the angles of a triangle three lineal a, Bh^ 
Ce (iig. 43) be drawn to meet the opposite sides, and from anj 
point O within the triangle three lines Oa^ Ofi^ Oy be drawn 
parallel to them to meet the sides, 

then — + — + — ^ " 1. 
Aa Bh^ Ce 

For if p, p\ 9, g', r, /^ be perpendiculars from A and O 
upon BCf from B and O upon AC^ and from C and O upon 
J£ ; and S a area of the triangle, then 

. p' Oa . Oa Ofl Oy 

but---—, &c; .\ -7-+ l^ + 77^->- 
p Aa Aa Bo Ce 

If O be the intersection of the lines Aa^ Bh^ Ce^ the equa- 
tion becomes 

Oa Oh Oe 

Aa Bb Ce 

4fJ. Having given the lengths a, 6, c of the chords of 
three arcs BCf CD^ DA^ which together make up a semidrd^ 
to find the diameter AB - 9. We have square of diagonal BD 

« a*+ 6* ^%ahco%C^(f-¥V^ Sa&cosjf « €i^+t^+ 8ai.-» 

# 

also-^- c* ; .•. 4f" - (a* + 6* + c*) or - 2a&c  0, the equa- 
tion for finding m. 

48. Every two angles of a pentagon are joined, and the 
areas of the five triangles so formed, each of which has two 
sides in common with the pentagon, are given to find the arem 
of the pentagon. 

Let ABt^t^ AC^u^ AD^v^ AEmw (fig. 44) ; 

z BACm0f BAD^^, I BAE - iff, 

SA^JBC«/usind, 8Aili71>«/osin^, ^AAEB^iwm^^ 

^/^AEDmvw sin (>^ - 0), S A ACE « uw sin (^ - 9), 

S A^CD - tio sin (^ - 0) ; 
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•-. 4 A ABC X A JED + 4 A AEB x A JCD 

-> luot9 jsin sin (>|r - 0) + sin ^ sin (^ — 0)} 

- tuvw sin sin (^ - 0) « 4 A JA/> x A ACE. 

Now call the areas of the triangles ABC^ BCD^ CDE^ 
DEAi EABf a, 6, c, d» e ; and the areas of the triangles ABDf 
ACD^ ACEf <r, y, « ; and the area of the pentagon p ; then 
the result just obtained is ad -¥ ey ^ wz^ and we have 

6+il + «VBp» a-f<{ + y->p9 a-k-e-k-si^p'^ 

hence eliminating «, y, iv, we get, to determine p, the equation 

p*.(a + ft + c + <I + e)p + (aft + ftc + cil -I- de + ea) m o. 

49* In the sides of a given triangle ABC take two points 
M and 2V, and in the line joining them take a point P, (fig. 45) 
such that 

MB AN PM 

am' NC'^ PN" 

prove that if CP, BP^ be joined, triangle BPC « S triangle 
MAN. , 

tiABC AB AC (n ^ l)* BM 

aAMN" AM^In"^ n ' AM'^' 

^BMP BM MP n» 
AAMN'^AMMN'^n^l* 

aPAT NC PN 1 



A^AfiV^ AN'MN n(n + l)* 
hence subtracting the sum of the two latter equations from the 



1+ — iTTif- -, — ^ — ^-*> <»• ^BPC'^ftAMAN. 

aMAN n (ii + 1) 

Taking the product of these three equations we get 

AABC.ABMP.APNCm{AAMNy. 
Also 

4^/iBPM^^APNCm^^i^^.^^AMN^^AABC. 



/ 
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50. The area of any triangle is to the area of the triangle 
whose sides are respectively equal to the lines joining its angular 
points with the middle points of the opporite ades as 4 to 5. 

Through D and E (fig. 46), the middle points of AB^ BC, 
draw DF9 GEFj respectively parallel to AE^ AB9 and jcnn 
CF^ BFj DE ; then because ^F is a parallelogram, DF^ AE^ 
and EF is parallel and equal to AD or DB, and therefore BF 
is parallel and equal to DE or HCt and consequently FC is 
equal to HB. Hence DCF is the required triangle, and it 
equals 

GF I GE\ S S 

aDCBx^-^ aDCB X 1 + -^1 - --aDCB^^ aACB. 
DB \ DBJ 2 4 

51. The area of any triangle is to the area of the triangle 
formed by joining the points where the lines bisecting the an- 
gles meet the opposite sides, as (a-f ft) (a + c) (ft-f c) to Safte. 

A'Y b be ^ be 
Smce -—  - (fig. 42), J*y a , and similarly J/3«- ; 

^ 1 6V be 

•'. AAPy^^- — -sin A ^i^ ABC- rr-; r; 

'^ ' *(a + 6)(a + c) (a+6)(a + c) 



ae 



{a-i-e) (a+i)(fr + e) 



I be 
.-. AABC'm AaQy+ aABCI' rr^ 

ab 1 _ 

^(a + c)(6 + c)j' 

/% ^»»^ 2abe 

' (a + 6) (a -•- c) (6 + c) 

52. The area of any acute-angled triangle ABC (fig. 47) 
is to the area of the triangle A'BfC formed by joining the feet 
of the perpendiculars dropped from the angles upon the oppo- 
site sides asltoScos^oosA cos C. 

Since 
AAVC^\AC.AVfsaiA^\bevLnAta^A^ AABCwfAi 
.\ A ABC « aA'S'C + A ABC (cos'^l -^coifB -^co^C) 

- A^JI'C+A^JffC(l-Scos^cosjBcosir);(PiDb.I4) 
.-. AA'ffCm A^ACxSoos^oosAcosC. 




IIFa4Ma«*iMaM<ai«WMa«i^paM*M««HMrtp 



mmtmi^^w mj '' » -— 
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53. If perpendiculars be dropped from the angles upon the 
opposite sides of an acute-angled triangle and the feet of the 
perpendiculars be joined, a triangle will be formed having the 
angular points of the original triangle and the intersection of the 
perpendiculars for the centers of four circles which touch its sides. 

We have Z ABBf « ACC being complements of the same 
angle BAC ; but ABS « OJlC^ because they would be in the 
same segment of the circle described about OJlBC ; similarly 
ACC - OA'S ; .-. OAlC « OA'S ; hence O is the center of 
the circle inscribed in i^A'ffC ; also the exterior angles formed 
by producing A'ff^ A'C are bisected by AB^^ AC ; therefore 
^ A is the center of the circle which touches one side and the two 
others produced. 

54. Also z A» B^OC'»B^A'C-*\{ir-A')\ hence (Prop. 58) 
tiA'B^C ^ LABC .%An\A' mi\ffAn\C^ 

which is the relation between the area of a triangle, and the 
area of the triangle whose angles are in the centers of the cir- 
cles, each of which touches its three sides. 

' , • , B^C CC ffC . „ sinilCC 

55. Also ----  -rr^ . -— -r ^ %m B . -: ^ _ • a cos it. 

BC BC CC Sin ABC ' 

or ffC^ BC COB A. 

Let J{, J2', be the radii of the circles circumscribed about 
triangles ABCf A'B'Cf 

• « 1 ^C m aC B>\J « ^ 

then Jt » « 1 — 7 « * -: — -i r ■• -: — -r, « * JT. 

" sm ^ * sin ^ cos A waA ' 

Also since Z BOC + A» Wf the circles described about 
t^ABC and l^BOC would be equal; hence if four circles 
touch each three sides of a given triangle, ,and a circle pass 
through the centers of any three of them, its radius is double 
of the radius of the circle which circumscribes the triangle^ 

56. The perimeter of the triangle formed by joining the 
i feet of the perpendiculars dropped from the angles upon the 

opposite sides of a triangle, or those sides produced, is less 
than the perimeter of any other triangle whose angular points 
are in the sides of the first, or in those sides produced. 

For two lines drawn from two given points to meet in a 
line given in position, have their sum the least possible, when 



r»—» -yi P« ,^l»^^— **<»WP« 



^>^i*<»»i^— — ini*irfi»*>M w ii »i»'»ii^i*»<»»«*i» Ww < [ * «BiiiJi ii n MiApi 
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they make equal angles with the line. If therefore there be a 
triangle inscribed in ABC such that its sides do not make equal 
angles with the three sides of ABCy then another triangle may 
be inscribed in ABC whose perimeter is less ; and if its sides do 
make equal angles with the sides of ABCf then it coincides 
with At(C ; therefore A'ffC has its perimeter the least possi- 
ble. And the perimeter otA*ffC 

8 (area)* 

aacos^ + &cosjB +coosC>» z . 

a6e 

57* If il be the radius of a circle circumscribing a triangle ^ 

r the radius of the circle inscribed in it, and / the radius of the 
circle touching the side e and the two others produced^ then 

r-4jR8in^j8in|J7sin^C, /« 4Jtcos| Jcos^JBsin^C/ 

_ e esinl^sin^if i 

cot^il + cot^A coa^C \ 



J c ecos4vJcos4J ^ 

" Um^fTTtanfi * cos^C * j 

and if we substitute the value ol R^ — : — r;, we obtain the * 

SsinC 

abore results. 

58. To find the distance of the center of a drde which 
touches the three sides of a triangle from the center of the drde 
which passes through the angular points. ~^ 

Let Q be the center of the drcumscribed drde, and first 
let the other cirde be inscribed, and let P be its center ; then 

iPAN^\A, AQAN^Vf^C, .\ PAQ^\{C - B)\ 

but f « iJTsin^ Jsin^Bsin^C; 
.-. {PQy'IP^^^^{cos^(C^B)^^An^Bm^C] i 

« JP - 2 Jlr. 

Next let the drcle touch one side e, and the two others pro- 
duced ; then (fig. 49) 



■' j B : »'>i*»4>' » *i« '" ^i< '* < 
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but /-4j{oo8^ Jcos^Asin^C; 

to Jim' 

59. If r Ti r^ r^ be the radii of the circles which touch 
the three sides of a triangle, and R the radius of the circle 
passing through the angular points, then 4i{ » r^ + rg + rt — r. 

Let a, 6, c be the sides of the triangle, 2 s its perimeter and 
S its area, and S' the area of the triangle whose angles are in 
the centers of the exterior touching circles ; then (p. 74) 

r, (« - 6) + r, (« - c) + r, (« - a) « 3iS^ « Srs^ 

4il 

and Tib -i- r^c -f r^a + ftrs  2iS^ a — S m 4 Jt« ; 

r 

because «S^ » iS' 2 sin ^ ^ sin ^ A sin ^ C — iS' — ^ ; 

••• « C*"! + ^1 + r^) « (42? + r)«, / 

or 4 J? « rj + r, + ft - r. 

'f 60. I( d di dg d^he the distances, from the center of the 

circumscribed circle, of the centers of the circles which touch 
the three sides of a triangle, and R be the radius of the cir- 
cumscribed drcle, then 

d* + <iI + d; + <Q- 4iP + 2 J? (r, ^rt^r^^r)m. isip. 



I 

1 1 



61. The perpendicular distances of the angle ^ of a tri- 
^* ' angle from two lines at right angles to one another drawn through 

I' zCare e — cosa, y/l — 6* sin a; and the perpendicular dis- 

f\ tances of B from the same lines are e- cos/3, vl-e*sin/3; 

i prove that if a + fr + c« 2 (l - cos ^), a-^b-^c >- 2(1 - cosd), 

I then a-fi^ip-O^ and e cos^ (a + /3) « cos^ (^ + 6). 

I 5 » 1 - e cos a, 

«/ * a-l-ecos/3, . 

i'. 

€'«(cosa -cosj8)*+(l -0^(sina-sin/3)*; 



I 
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••. a6oo«C-^(i^ + ft'-€f) 

aco8(a-i3)-e(oosa -l-cosjS) +e'(l-nnaaii/3), 
and a6 « 1 -e(co8a + co8/3) + ^co8aoo6/3; 

.*. flbcotP^C ^ |co8^(a-/3)-«co8^(a+i3)}* 

- (1 - cos ^) (1 - cosd) (1), 
and 2e(co8 a -f cos 3) — 40 cos ^ (a -l- /3) cos ^ (a — /3) 

a 2 (cos + cos 0) ; 
.-. {cos^(a-)3)+ecos^(a + /3){'B(l + cos^) (l + cosO); 

.*• cos^(a -^) + ecos-|^(a +/3) « Scos^^cos^Oi 

cos^ (a - /3) - e cos ^ (a -I- /3) a 2 sin ^ ^ sin ^ 0y 

from (1); 

.-. cos ^ (a - j3) a cos ^ (^ - 0), or a - j3 « ^ - d» 

e cos^ (o + j3) a cos ^ (0 + 9). 

63. Let O (fig. 50) be any point in^the radius AC * 1, of 

a circle 

1 1 

AP^-e^ PPy m P^P^ m &c. - -2ir, thco 

OC"- 2 COS 0C"+ 1 « OP*. OF^.OFi ... Oi*,.i. 

For joining CPy CPiy &c. we have Oi*-OC*-20Ccos-d + l» 

op; - OC* - 20C COS - (2 IT + d) + 1, &c, and therefore, 

ft 

(Theory of Equations, p. 27)» the second member is the product 

of the quadratic factors of the first member. 

63. To find the radii of three circles so inscribed in a 
triangle that each of them touches the two others and two 
sides of the triangle. 

Let «, y, be the radii CNy CN*^ (fig. 51), angles A^ if, 8a 
and 2)3, and radius of inscribed circle « 1 ; then 

(NJNT)* - (« + yY - (« -.y)* - 4^y ; and equating two Taluei 
ofJJB 



«cota + 2v^jry + yoot)3acota + cot/3a-; Ts (0, 

sm a sin ft 
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since a-^ fi-^y ^^w; and amilarly if Z C « 87 and jp be the 
radius of the third cirde, 

ycotfi + Svysr + jvcot7« . ^ . , 

'^ ' smpmny 

y— - cosfl 
«cot«y + Sv4rsr + «cota « -; ; ; 

' sio a sm y 

.\ w coif a an /3 + 2 sin /3 sin a cos a \/^ + y cos )3 sin a cos a 

« cos 7 cos O9 
yGosj3sin7Cos7 + 2sinj38in7COS7 v^yir + jv'cos* 7 sin j3 

a COSaCOS79 

equating these equals and observing that (Prob. 5) 
cos/3(8inaoosa - sin7 00S7) — sin/3(8in*a - sin' 7), we get 

4P COS* a^-y sin*a + 8 sin a cos o v 47y - 
»eofy + y 8in'7 + 8 8in70os7\/«y 

.'. \/«cosa + vy sin o  \/*cos7 + vy wn 7; 

similarlj \/jrcos7 + v^^n7 « \/y€osfi + y/wmafi^ 

.\ \/# (oosa + sin7 - sin/3) « \/y (cos)3 + sin7 - sin a); 

,y% ^ .^ ^ /i I + tan la 1 +p 
••• (Prob. 16) V - - ?-;* - — ^-^» suppose 

then coto" — ^ , cot/8 ^ ; therefore substituting in (1), 



/• 



or # 



{'*Tr^}-^' -M.^-Ci-iv)! 



l + tan^/8 
1 -t-tan^a* 



• • ^ ^  • ™ • 

* 1-l-tan^a 



1^ 
1 



Similar expressions result for y and sr. 
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64. To sum the series 



ame^ |a"sinS0 + ^a'sinStf - &c, in inf. 
Let the sum - S, and 2\/^ sin0 - jr - I; then 

^*-«(-i) -i-"!---?) +j^(^-i) -». 

-l«g(l+.,)-I«g(n.i) .|og/l±^\j 



•. e*V=n« 



1 + a jp 



-is^l 






8 + a 



{-i) 



2av -1 sintf 
2-r2acoB0 



. , ^ „ osinO -, • / asintf 

.-. tan 5" a ; , or ,S - Un"* | 

1 -I- acos0 \i 4- 



a cos 9 



)• 



65. Let a a un 0, thai 

sin* 9 



^-*~"' ir ^Ze^ne) "^"^'*'^^* ~**<^> 



66. Let a B A rin d, then 



S-'tan- 



\l-\-ha 



hnn*B 



andcotd 



) 



tan 



-1 



1 +001*0 + A cot 9 



^""'1; 7 lU - *«n-» (dr + A) - tan-» #, 

ll + 4^ (4T + A)j ^ ^ • 



if .V 



cot9« or tan''# -■ ^x -0; 
•. tan-^(« + A) - tan-'jr-A8ind.8ind-^A*8in*0.sin20 

-I- ^ A' sin* sin30 - &c 
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146 

&J, To turn the series 

1 +-aoo80 •!■ a*cosS0-i- tfconSB + kc, 

1 l.S l.S.S 

« e*"* • 2C08 (a sin d). 

68- If cot-*(«- !)-«>*'"*(*+ 0- — > 
prove that .» - i (%/s + 1). 

69* In the equation tan 39 an tan 0, shew that n must 
equal 2 + \/i^ in order that 9 may correspond to 15®. 

70. Find the logarithms of 8 and 9 having pven log 6 » a« 
log 15-6. 

9--^^, .-. log9-a-i-6-l, 

(60\ S 

-J; .-. logs- -(a- 6 + 1). 

71- Find log 83349, having given log 3 « a, log 8.1 « 6. 
83349 - 3» X 7* =• i" X («.l)* X Itf ; 
.*. log 83349 « 8a + 36 + 3. 

73- Find w in the equation 3'  15, having given 

logs « .30103, log 3 m .47718185, 

10 
S-"*-y, .-. (4r-l)log3-l-log8; 

.69897 
... jr - 1 + — ^-^— - 8.465. 
.47718185 

73. Find a in logarithms from the equations o^ « e, 

6 

and adapt iv^|(a*+ c»)«- (i^-c^)*- (a«- 6«+ c^*} to loga- 
rithmic computation ; it is only another form of the expression 
for the area of a triangle. 
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74. Prove that (^)i« « '000OO04StS66^ having given 
log 5 a -4771213» and log 4^366 « -6270227. 

75. To prove that iir« r — . 

'^ * 1+2+2+2-1- be. 

•»+ «+ n + bc 



n +/(« + n) 
A..ua.e /(*) . ^ - ,, or^(,).-^, 

•• 0(») + ^(* + «)--» 

which is satisfied bj the value 

0(#) « + _ + &C. 

^ w 4r + n « + 2n # + dn 

Let jr a 1, n « 2 ; then (Art 145), 

0(1). 1-1 + 1. i + &c..lir; 

and (1) m m — ; 

^^ ^ l+/(0 1+2+2 + &C-* 
1 1 !• 3« 5* 



4 1+2+2+2 + be. 



76. To prove that tanx « 



Let f{w) « 



1 - 5 -. 5 - fcc. 
n n n 



.r + (jr + 1) + (« + 2) + &c * 

n 



•• A») 



9 +/(# + 1) • 



A ^/ X ** 0(ar+*l) 

Assume /(«) . ^ ^^ ^ 

# 9(') 
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•*• ^(«) - 0(* + - ,> " ,v 0(« + «). 

which 18 satisfied by the value 

., ^ « 1 n* 1 n* 

©(«) « 1 + - + + ; + &c. 

^ w Z w{x+\) St.S x(9 ^ \){af -¥9!) 



Let 47 » ^, theD (Art. 144.) 



4n \ l6n* 
1 + - — + -TT- -•• &C. 



2.8 5 ^ e«^-«-*^ 

•'^*' 4n l6n* . c«v5 + e-«^» 



'^r^^TT-^*^^- 



« A>ri% ^2^ 4fl 4ll 
and /(4) ; 

•'^^^ 1+8+ 5 + &C, 
hence, replacing Zy/n by «\/- 1, 

tanir • -— 



I - 8 - 5 - &c 

77* ^^^ ratio of the circumference of a circle to its 
diameter is incommensurable, that is, it cannot be expressed 
by any finite rational number either whole or fractional. 

In order to prove this* it will be necessary to premise the 
following property of continued fractions. 

If S »■ J ;; -r- — ^ whcrC III, III , m , &C., fl, It , ScC 

Jl — ' l> — IS — &c. 

Ill m' 
are whole numbers, and — , —7, &c., each < 1 and their num- 

n n 

ber infinite, S is incommensurable. 

First iJ is < 1. For n ; > n - 1, and therefore > m. 



/' 



since m is an integer less than n. Similarly n -> m. 

It 

Hence 7 < 1» «»nd a fwrttort — — ?— —7718 < 1. And 

n— H i»— n— n 

thus we may shew that the whole value of the continued frac- 

* * . B 

tion is < 1. If therefore <9be commensurable, let it  --, where 
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A and B are integers, and I(*t C, D, &c. be such that 

mm D m m 

5 n - n — &c. C n -^ n — &c. 

then since each of these expressions is < 1, the series of terms 
Aj Bj Cf 2>, &c. decreases continually. But since 

-7 « — — we have C « nfi - mAi similarly D « nC - m'fi, 
-4 n— B 

&c.; therefore since ^ and B are iiltegers, the quantities C» D» 
&c are also integers, and we have a decreasing series of in- 
tegers continued indefinitely, which is absurd. Hence S roust 
be incommensurable. 

The same is true although the quantities > — ;» &c., in 

n A 

the beginning of the series, are not < 1, provided they ulti- 
mately become so. For the value of the latter part of the con- 
tinued fraction is incommensurable, as has been proved ; and, 
performing the operations indicated, S will also be incommen- 
surable. 

Now it has been proved (Prob. 76) that, m and n being any 
whole numbers, 

m m' m^ m* 

n n-- Sn- 5n- fcc* 

which is incommensurable, since ultimately the quantity 

: — is < 1. If therefore iir be commensurable, its tan- 

(2r-l)n * 

gent will be incommensurable; but it » 1, and therefore ^ir* 

and consequently gr, is incommensurable. 

78. To prove that, a, j3, 7 being any angles, 

sin (a + 7) . sin (/S + 7) « sin (a + /3 + 7) sin7 + sina sin/3. 
Multiplying by 2, this resolves itself into 

cos(a -)3) -cos(a + j3 + 27) « cos(a+ j3) - cos(a + /3 + 27) 

+ 2sinasin/3, 

which is evidently true. 

79. 1 -f sina sin/S+sina sin7 + sin/3 sin7-cosacos/3co87 
« 2 {sin^ (a + /3) co8^7 + cos^ (« - /3) Mn^7j*. 
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Twice the second member when developed becomes 

Jl -co8(a -i-)3)} (1 +CO87) + {1 -hcos(a - fi)} 
X (1 - cosy) + 2 (sin a -I- sin/S) sin^y, 
which is identical with twice the first member. 

80. sina+sin/3-l-sin7s4sin^ (a+/3) sin^ (a-1-7) sin^ 03+7) 

+ 8in(a + /3+ 7). 
Ssinr 



™i (a + p) sin J (a+7) - cos^ 08-7) - cos^ (2a+/3 + 7) ; 
.'. 48in^(a + i3)8in^(a-l-7)sin^03 + 7)s2 8in^(/3 + 7) 
X cos^ (/3 - 7) - 28in| 03 + 7) cos^ (2a + /3 + 7) 
« sin/3 + 8in7 + sina - sin (a + j3 + 7). 

81. cosa+cos)3+cos7B4co8^(a+j3)cos^(a+7) cos^(/3+7) 

- cos (a + j3 + 7). 

82. tana + tanj3+tan7atanatan/3tan7+ ^ — \. '^ . 

' cosacospcoBy 

The 1st member - ^^^^ + "" ^^'^ ^ 

cos 7 cos a COS p 

{cosacosj3-cos(a-f/3)}sin7-t-sin(a4-/3)cos7+cos(a+/8)8in7 

eosacos)3cos7 

sin a sin j3 sin 7 + sin (a + j3 + 7) 
cos a cos /3 cos 7 

83. cota + cot /3 + cot7 a cotacot j3 cot7 

cos (g -f /8 + 7) 
sin o sin )3 sin 7 * 

84. 1 -cos^a- cosPjS -cos* 7 + 2cosacos)3cos7 

B 4 sin^(o+/3+7)sin^(/3+7-a)sin^(a+7-j3) sin^(a+)3-7). 
2 sin ^ (a + )3 + 7) sin ^ (/3 + 7 - a) •- cos a - cos (/3 + 7) 
2 sin ^ (a + 7 - /3) sin ]^ (a + /3 - 7) « cos (/3 - 7) - cosa ; 

.-. the 2nd member 

--cos*a-cos(/3+7)cos(^-7)+cosa{cos()3+7)+oos^-7)} 
al-cos*a-cos^/3-cos'7+2cosacos/3cos7i (p. 56). 



" '■■*' ""■*''* •^' -*' - - —^1 »■ i- .A^-^.- — ' • — • _ -  .-, . .1 1 IJ.J^_>__ 



T" 



^ 
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86. 4co8 ^ (0-I-/3+7) cos^ (/3+7-0) cos ^ (ai-y-'p) x 

CO«^(o+/3-7)'--l+C08*a+COS*/3+C08*'y+« CO80 co8/3coii7. 

86. To find the value of cos a, where 17a • «*• 
It may be shewn, as in Art. 15S, that 

cos a + cosSa + cos 5a + &c. -h cos 15a « ^. 
Let p B cos Sa + cos 5a + cos 7a + cos 11 a, 
fs cosa -l-cos9a^ cos 13a + cos 15a; 

then, multiplying, and replacing the product of every two 
cosines by the sum of two cosines, we get 

pf s 2 {cos 2a + cos 4a + cos 6a <!- &c. + cos l6a| 

« - 2 {cos 15a + cos 13a -f be -K cos a} ■- — 1, 

and p + 9 " i ; hence p and q are known. Next let 

r I* cos 3a + cos 5a \ then r -¥ 9 ^Pf 



« «cos7a + cosllaj 


r*--i, 


i » cos a + cos 13al 
u cos 9a -h cos ]5aJ 


*+«-«', 


««--J. 



hence r and ^ are known. But 

cos a + cos 13a ■» if 

cos a • cos 13a «■ ^ (cos 12a + cos 14a) 

« - ^ (cos5a -I- cos 3a) *■ -* ^ **> 

therefore cos a becomes known, by the solution of quadratic 
equations only. For the principle which directs the selecdoQ 
of the cosines to form p, 9, &c. see Theory of Algebraical 
Equations, Art 80. 
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A TREATISE 
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SPHERICAL TRIGONOMETRY. 



1. Thx boundary of every plane section of a sphere- 
is a circle. 

If tbe cutting plane pass through the center, this is 
evident; and in this case the section is called a great circle, 
and is determined when any two points on the surface of 
the sphere through which it passes are given. All great 
circles are equal to one another, since they have the same 
radius, namely that of the sphere ; and they all bisect one 
another, since their planes intersect in diameters of the sphere. 
Hence the distance of the points of intersection of two great 
circles measured on the sphere is a semi-circumference. • 

If the cutting plane does not pass through the center 
of the sphere, from O (fig. 1.) the center, drop upon it 
the perpendicular OC^ and join C with any point A in the 
boundary of the section ; then _ 

AC'^y/AV^OCU which is invariable; 

therefore th^ boundary of the section is a drcle whose center 
is C; and it is called a 9maU circle. Arcs of small drdes 
are very rarely used; and when hereafter an arc of a drek 
is mentioned, an arc of a great circle, unless the oontraiy 
be specified, is invariably intended, and in most cases it is 
employed to denote the angle which it subtends at the center 
of the sphere, no regard being bad to the radius of the 
sphere. 

2. If OC be produoed to meet the rarfaee of th*. 
sphere in P and P', then 

PJ m y/PC + JC, which is inTuiable. ' 

♦1 
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Also if PJM be an arc of a great circle passing through P 
and Af since in equal circles equal straight lines cut off 
equal arcs, the length of the arc PA is invariable. There- 
fore the distance of P is the same from every point in the 
perimeter of the circle AB^ whether measured along the 
straight line, or the arc of a great circle, drawn from it to 
the point. The point P, and the point F which has evi- 
dentlj the same property, are called the nearer and more 
remote poles of the circle AB ; being the extremities of that 
diameter of the sphere which is perpendicular to the plane 
of the circle. They are also the poles of all circles of the 
sphere whose planes are parallel to ACB. 

If MN be the great circle of which P is the pole, 
since OP is perpendicular to the plane MON^ and the angle 
POM is consequently a right angle, the distance of P from 
every point in the boundary of if i^^, measured on a great 
circle, is a quadrant. 

S. The angle at which two arcs of great circles inter- 
sect on the surface of the sphere (in the same way as for 
any other curves) is the angle between thdr tangents at the 
point of intersection, and, consequently, is the same as the, 
ang^e between the planes in which the arcs lie; for, as the 
tangents are situated in the same planes, respectively, with 
the arcs, and are perpendicular to the radius of the sphere 
which is the intersection of those planes, the angle between 
the tangents is the same as the angle contained between 
the planes. Thus, let two arcs of great circles PA^ PB^ 
(fig. 1.) intersect in P, and let two tangents bf drawn to 
them, viz. PD which will be in the plane POAy and PE 
in the plane POB; then since PD, PE^ are both perpen- 
dicular to POf c APB m z DPE s inclination of the pUmes 
in which the arcs are situated.. 

4. Let PA^ PB^ be produced to meet the great circle 
of which P is the pole in JIf , N^ and any smaU circle of 
which P is the pole in A^ B; and join OJIf, OAT, CJ, CB; 
then since PA PE are respectively parallel to OMf OJV, 
IDPE^ zMON; and therefore lAPB^ cUON^MN^ 
employing the arc, according to a preceding remark, to ex« 
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press the angle which it subtends at the center. . This shews 
that if two arcs containing any angle be produced till eadi 
is a quadrant, the arc joining their extremities (which will 
be a portion of the great circle of which their point of in* 
tersection is the pole) will measure the angle thej include. 
Again, AC the radius of the small circle AB 

- OA sin AOP ^ OAmPA; 
and length of arc AB m AC x circular measure of z ACB 
m OA sin PA X circular measure of z MON 
B length of arc MN x sin PA. 

6. The planes of all great circles passing through P 
will contain OP, and therefore be perpendicular to the plane 
MON\ therefore all great circles passing through P will 
cut the great circle MN^ of which P is the pole, at right 
angles* Great circles which pass through the pole of an- 
other great circle are called secondaries to the latter. 

Hence, a great circle MN being given, its pole P is 
determined either (1) by measuring an arc MP equal to a 
quadrant on any great circle perpendicular to MN\ or (£) by 
drawing any two great circles, not in the same plane, at right 
angles to MN^ and producing them till they intersect in P. 
And, conversely, if a point on the sphere be such that an are of 
a great circle drawn from it perpendicular to a proposed drde 
is a quadrant, or such that quadrants of two different great 
circles are intercepted between it and the proposed drd^ 
then that point is the pole of the proposed drde. 

6. The arc joining the poles of two great drdes sub- 
tends an angle at the center equal to thdr indinadon ; and 
the point of intersection of the great drdes Q. e. the ex- 
tremity of the diameter in which thdr planes intersect) is 
the pole of the great drde in which thdr poles lie. 

Let P and Q (fig. S.) be the poles of AC^ BC^ two 
great circles whose planes intersect in the diameter OC, thai 
each of the angles POC^ QOC9 is a right angle, thorefore 
CO is perpendicular to the plane POQ9 and consequently C 
is the pole of the great cirde PQAB passing through P 

♦1— t 



and Q; and since each of the angles POA^ QOBf is a 
right angle» 

iPOQ^^JOB^ ^ACB. 

7^ The portion of the surface of a sphere contained 
by three arcs of great circles which cut one another two 
and two, is called a spherical triangle; the planes in which 
the arcs lie forming a solid angle at the center of the sphere. 
The objects of investigation in Spherical Trigonometry are 
the relations subsisting between the angles at which the 
three plane faces containing a solid angle are inclined to one 
another, and the angles which the lines of intersection of 
those plane faces, or . the three edges of the solid angle, form 
with one another. 

Let O (fig. 3.) be the vertex of a solid angle contained 
by the three plane faces JOB, J30C, COA^ and let the 
arcs of great circles AB, BC^ CA be the intersections pf 
these planes with the surface of a sphere described from 
center with any radius; then the inclinations of the planet 
AOBf BOC9 COA^ to one another are identical with the 
angles \^, A, C, of the spherical triangle; and the three 
angles at O are proportional to the sides AB, BCf CA\ 
on this account the spherical triangle ABC^ which is called^ 
the base of the solid angle at O, may be employed with great 
advantage in conducting the investigation of the relations of 
the angles of inclination of the faces and edges of the solid 
angle to one another, which, as has been said, are the proper 
objects of our research. 

The sense in which the spherical triangle is employed 
being once understood, we may transfer our attention from 
the solid angle to the triangle in which its faces cut the 
sphere, and the solid angle need not be represented in our 
diagrams ; but we must still keep in mind that, not the arcs 
forming the sides of the spherical triangle; but the angles which 
those arcs subtend at the center, are concerned in the calcu- 
lations, so that the magnitude of the radius of the sphere is 
of no importance whatever. 

8. The three angles of a spherical triangle are usually 
denoted by ^, JB, C; the spherical angle J, or the angle 
BAC contained by the arcs AB^ AC^ being, as explained above. 



,■»,„. rv. .i .- , I  ' ■'"■ -    -■ ' ^' " ' •'  r '"-* I. . ; *-  «  



the angle between the tangents to those arcs, or between the 
planes in which the arcs lie ; and the angles which the sides 
BC^ CA^ AB^ respectively opposite to J, JB, d subtend at 
the center of the sphere, are denoted by a» A» c. When for 
the sake of brevity, the expression side BC^ or side a, is 
used, the angle subtended at the center of the sphere by the 
arc BC which is opposite to the spherical angle Ay is invaria- 
bly meant. 

9. Since, of the three plane angles which contain a solid 
angle, any one is less than two right angles, and less than 
the sum of the two others, and the sum of the three is 
less than four right angles; therefore, of the three arcs 
forming the sides of a spherical triangle, which are the 
measures of those angles, (l) any one is less than the semi^ 
circumference, (2) any one is less than the sum of the two 
others, and (3) the sum of the three arcs is less than the 
circumference of a great circle. 

Also if the great circle of which one side of a triangle 
is a portion, be completed, the hemisphere which it bounds 
will include the triangle; for if not, the points of intersection 
of two great circles would be separated by an arc greater than' 
the semi-circumference. 

It is easily seen that if sides greater than a semi-circum- 
ference were admitted, the same angular points might belong 
to different triangles ; as, for instance, to the triangle formed 
by the arcs BC^ CD^ and BGD (fig. 5.), as well as to the 
triangle BCDH\ and that the solution of such triangles (if 
they should ever present themselves) can be made to depend 
on that of triangles limited to have no side greater than a 
semi-circumference. 

10. If a spherical triangle be described on a sphere 
with the angular points of a given triangle for the poles 
of its sides, then the angular points of the triangle so 
described will be the poles of the sides of the given 
triangle; and its sides and angles will be respectively the 
supplements of the opporite angles and sides of the given 
triangle. 

Let ABC (fig. 4.) be a spherical triangle, IffC another 
spherical triangle whose sides have the angular points of the 
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former for their poles. Join A* C^ A'Bf by ares of great 
circles, and produce AB^ ACf on the surface of the sphere 
to meet B^C in G and H ; then CA' is a quadrant, because 
C is the pole of A'B^y and BA' is a quadrant because B 
is the pole of A^Cf ; therefore (Art 5.) the great circle of 
which A' is the pole passes through B and C, or A' is 
the pole of BC; and similarly B' and C may be shewn to 
be the poles of AC and AB. From this property, AB!C 
is called with respect to ABC the Polar triangle. By con- 
struction ABC is the polar triangle of ASC 

Abo (Art. 4.) jlA^HG ^CG^CH^ CG-^SH-^BC 

wm 180* . B'C'f since CG, BlH are each quadrants ; that is, 
the angle A is the supplement of the angle subtended 
by BC the side of the Polar triangle of which A is 
the pole, or which is opposite to A^ Similarly it may 
be proved that i A, and L C, are the supplements of the 
angles subtended by AC^ A'B^ the sides of the Polar tri- 
angle of which B and C are the poles. From this pro- 
perty the triangle A'ffC is sometimes called the supplemental 
triangle of ABC. 

Hence between the angles of the given triangle, and th^ 
sides a\ ft', c , of the supplemental triangle, we have the 
relations 

if + a'«-180^, jB-f6'-180^, C + c^- 180^. 

Also dnce ABC is the supplemental triangle of ABfC^ 

^J'-l80^-fiC, zJB'-lStf*- JC, iC ^\Wf-^AB\ 

so that between the 'sides of the given triangle and the 
angles of the supplemental triangle we have the relations, 

J' + a-180^, ^ + 6-180^» C+c-180*. 

11. This shews that any solid angle contained by three 
planes bebg given, if through its vertex three pkmes be 
drawn perpendicular to its edges, these will form another 
solid angle whose edges are perpendicular to the faces of 
the former ; and the inclinations of the faces and edges of 
the latter will be supplementary to the inclinations xA the 
edges and faces, respectively, of the former. 



13. The above Proposition is of grc^t importanoe; for 
if any relation be proved to subsist among the angles and 
sides of a spherical triangle A^ Bf C, a, 6, c« it will also 
hold for J^f S^ C^ a\ h\ e the angles and sides of the 
supplemental triangle, that is, for 180^ — a, 180^ * ft, &e. ; 
hence any formula involving the sides and angles of a 
spherical triangle will still be true, when throughout it for 
the angles the supplements of the sides are substituted, and 
for the sides the supplements of the angles. 

13. Since if a\ b\ c^, be the sides of the supple- 
mental triangle, 

J + JB-hC+a'-i-fr' + o'-6 right angles, 

and a' -f 6' + e^ always lies between and 4 right angles,, 
therefore A -k- B -^ C always lies between six right angles 
and two right angles. A spherical triangle, therefore, dif- 
ferent from a plane triangle, has not the sum of its angles 
invariable ; nor can it have more than two of them < 60^ ; 
but it may have two or all of them obtuse, or two or all 
of tiiem right angles; in which latter case it will include 
one eighth of the surface of the sphere. 

14. The area of a spherical triangle is the same fraction 
of the area of a hemisphere, that the excess of the sum of its 
three angles above two right angles is of 36(f. 

Let ABC (fig. 5.) be a spherical triangle; produce the 
arcs which contain its angles till they meet again two and 
two, which will happen when each has become equal to the 
semi-circumference. The triangle is now common to three 
different lunes (or portions of the spherical surface con* 
tained by two semi-circumferences) vix. ABHDCf BCEGA^ 
and CBFAt the latter of which is equal to the sum of the 
triangles ABC and DCE, for DCE and ABF are evidentiy 
equal to one another, since they form the bases of vertically* 
opposite solid angles at O. Now the area of a lune is the 
same fraction of the area of the hemisphere (jS), that the an^ 
between the two semi-circumferences which contain it, is of 
180^ ; hence, by equating the two values of the area of each 
of the above mentioned lunes, we have 
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^ JBC + BHDC " ^S, 

18V 

, l««BCEGJ.±S. 

therefore by addition we get 

180* 

or, area of triangle ABC — g^ . S. 

The excess of the three angles above two right angles 
is called the spherical excess; the expression for the ares 
cannot be negative, nor >«S'. (Art 13.) 

Helatioiis between the sides and angles of a spbeiicsl triangK 

16. A solid angle such as has been before alluded to, has 
six elements, namely, the inclinations of the three plane faces 
to one another, and the inclinations of the three edges to one 
another; and when any three of these are given, the solid 
angle is, in general, completely determined. Similarly, a 
spherical triangle has six elements, namely, the three sides 
a, 6, c, and the three angles A^ B^ C, respectively opposite 
to them; and it is in general completely determined when 
any three of these are given, as there exist relations between 
the three given elements and each of the unknown ooesy by. 
means of which the values of the unknown ones can be ob- 
tained. Hence every formula of solution will involve four 
of the elements, and there can be only four distinct combi- 
nations; the first of three udes and an angle; the second 
of two sides and two angles respectively opposite to them ; 
the third of two sides and two angles one of which is in- 
cluded by the tides; and the fourth of a side and three 
angles. We shall now investigate the formula belonging to 
each of these cases. 
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16. To find a relation between the three fides and anj 
angle of a spherical triangle. 

Let the tangent at A (fig. 3.) to the arc AB meet OB 

produced (which is in the same plane with it) in 2>, and 

the tangent to the arc AC meet OC produced in £, and 
join DE. Then, equating the two values of the square of 
DEf obtained from the triangles DAE, DOE^ we get 

-4D*+^i?-2 AD.AEcosDAE^ OE^-k- OE?-StOD.OEooU)OE ; 

therefore, observing that OL^-^AL^'^OJP^ OI?''AI?^OJP^ 
since the angles OAD^ OAEf are right angles, and that 
d.DOE'^BC^a^ lDAE^BAC^A^ we find 

20D.0ECOB DOE^ 2 OJP + StAD . AE cos DAE; 

T.^r, OA OA AE AD ^,„ 
.•. cos DOE - i-^. 77= + - ~ . -— COS 2>ilE»- 

OE OD OE OD * 

o> cos a « cos 6 cos c + sin b sine cos ^, 

which is the fundamental formula of Spherical Trigonometrj.* 



17- The construction from which this result is obtained, 
fails unless the two sides 6 and c that contain the angle A 
are both less than 90^, but . puts no limitations upon the 
values of A and a. For the formula to be generally ap- 
plicable to any angle of any spherical triangle whatever, the 
proof must be extended to the cases where 6 and e are, 
one or both, greater than 90^, or, one or both, equal to 9(f. 

First, suppose that only one of the containing sides b is 
greater than 90^, and produce the sides CA^ CBf (fig. 6L) 
to intersect again in C; then since AB^ AC^- are both leU 
than 90^, the formula is applicable to the angle BAC -> 180^—^ 
of the triangle BAC\ 

.*. cos (180^ * a) « cos (18<f - ft) cose , 

+ sin (180* - ft) sin c cos (180^ - A)^ 

or cosa « cosftcosc + sinftsineoos^, 

the same result as would have been obtained if the formula 
had been applied immediately to the angle ^ of the triangle 
ABC. 



\ 
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Next^ suppose that both the containing sides 6 and e are 
greater than 90^, and produce them to intersect again iii 
jt (fig. 7.)« ^^^ ^^ formula is applicable to the angle 
J[ ^ A %A the triangle B£C ; 

.•. cos a --cos (180^ - 6) cos (180^ - c) 

+ sin (180^ - b) sin (180^ - c) cos J, 

or 006 a bcos&cosc + sin 6 sin c cos if , 

which shews that the formula holds for an angle contained 
by two sides both greater than .90^. 

Again, suppose AC » 6 « 90^ (fig. 7.)> <^ describe the 
arc l)C from the point A as pole; then, provided JiC « J be 
different from 90^, the formula is applicable to the angle D 
of the triangle BDC^ and {^ves 

cos a — cos (90^ '^ c)cosil -1- sin (90^ '^^ c)8in^cos90^9 

or cos a « sinccos J, 

the same result as if the formula had been applied directly to. 
the triangle ABC. If, in this case, T>C is 90^, then BC also is 
9(f (Art. 5), and the triangle is one with two quadrantal sides, 
and, consequently, with two right angles, for either of which 
the formula is evidently verified, as it leads to the equation 
0«>0. If both the containing sides h and c be 90^ then 
n* J, which agrees with the result given by the formula, 
namely eosa«oos^. 

«A »^ » .1. A coso(l-cosc) _^ 

1& If a -6, then cos J- r^^ — ; 1 -cos A; 

smasme 

•*• A^B^ since neither of them can exceed 18(f. Conversely, 
from the Polar Triangle it follows that if the angles at the 
base are equal, the sides opposite to them are equal. 

Also if ^ > J}, making z BAB - l DBA (fig. 8.), we have 
DA^DBf and consequently CD ^ DB'^CD -^^ DA>AC^ 
or a>6; that is, the greater side is opposite to the greater 
an^ 

19. If the formula which we have just proved to ex* 
press the relation between the three rides and any angle of 
any triangle, be applied in succession to the three angles 
Af A, C, it gives 
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COS a « cos 6 008 c + sin 6 sin c cot A (!)» 

cos 6 « cosacosc + dnasinccos JI9 

cose « cos a cos ft + sin a sin ft cos C9 

three equations which comprehend implicitly the whole of 
spherical trigonometry; since when any three dements are 
given, they enable us to find all the rest As however it 
is desirable that each of the unknown elements should enter 
singly into the formula by which it is determined, we pro- 
ceed to investigate the oUiei* three distinct formulae which, 
in conjunction with (l), will always effect that object. 

SN). To find a relation between two sides and two angles 
respectively opposite to them. 

cosa — cosftcose 



We have cos A 



sin ft sin e 



. , . , ^ (cosa-cosftcose)* 

.•. sin" J « 1 - cos' J - 1 - ^^ , ,. . ^ 

sm'ftsin'c 

(1 -cos*ft)(l - cos^c) - (cosa - cosft cose)* 

sin*ftsin*e 

1 — cos* a -co^ft-cos*c -i-S cos a cos ft cose 

sin' ft 8in*e 

sinj ^/(i —oosPa — cos*ft -co^e-f Soos'acoeftcose) 



• • 



sma 



taking the radical with a positive sign because sm^l and 
sin a are both positive ; now the second member is a sym- 
metrical function of a, ft, e, that is, an expresaon whose 
value remains unaltered whm a, ft, e are interchanged in any 
manner ; consequently the ratio sin J -^ sin a, has a constant 
value for each of the angles of the triangle; hence we have 
the three equations 

sinji tinB mC 
sin a nn ft sine* 

which shew, since this result is as general as the one from 
which it is deduced, that in any spherical triangle what- 



i 
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ever, the sines of the angles are to one another as the 
sines of the sides opposite to them. 

The direct method of proving this would be to obtain 
values of sin c and cos c from the two former of the equations 
of Art. 19, and substitute them in the formula sin*c + cos*e « 1 ; 
but the above is a simpler process. . 

21. The preceding proposition may be proved inde- 
pendently as follows. 

Drop the perpendicular AP (fig. 3.) upon the plane face 
BOCf and the perpendiculars PMf PN, upon the edges 
OBf OCf of the solid angle whose vertex is O and base the 
spherical triangle JBC9 and join AM^ AN. Then a line 
through P parallel to OM would be at right angles to the lines 
APy PM^ and therefore to the plane APM\ consequently OM 
is perpendicular to the plane AMP^ and therefore LAMP 
^ jlB\ similarly z ANP^ l C. 

Hence AM wlB ^ AP ^ AN fSinC \ 

and AM^AOAvlAB^ AN^AOmAC, 

•% sin AB • sin j9 •■ sin AC • nn C 

In the figure we have supposed the two sides AB^ ACf 
to be both less than 90^. Suppose only one of them AC 
(fig. 6.) greater than 90^, then from the triangle ACB, 

sine sin (I8<f - JB) - sin (180^ - 6) sin Cf 

or sin c sin B » sin 6 sin C. 

If both AB and AC be greater than 90*, then from 
the triangle A'BC (fig. 7.) 

sin (180^ - c) sin (180^ - jB) - sin (180* - 5) sin (180^ - C), 

or sin e sin J?  sin 6 sin C 



If AC m 90^, then from the triangle ADB^ (fig. 6.) C 
the pole of J2>, (unless AB - 90^) sin AD sin D » sin AB sin B, 
or sin C > sin e sin B. If AB also m 90^, the triangle has two 
quadrantal sides, and consequently two right angles opposite 
to them, for which the formula is evidently verified. These 
results prove the relation above stated, to subsist for the 
angles, and sides opposite to them, of any triangle whatever* ' 
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22. To find a relation between two sides, and two 
angles one of which is included by the sides ; for instance 
between a, 6, A^ C. 

In the equation cosa » cos6oosc+ sinb sinecosil 

substituting for cos c and sin c their values 

cos e a cos a cos 6 -i- sin a sin b cos C 



8inC 
8inca>8ina-; — r, 
sm A 



we find 



sinC 



cos a B cos a cos*6+sina sin 6 cosfr cos C+sin b sin a-^ — z cobA ; 

sin J 

therefore, transposing cos a cos*6, and observing that 

cos a — cosa coflPfr a cos a sin*&, 

and dividing the whole by sin a sin 6, we find 

cot a sin 6 s cot il sin C + cos 6 cos €• 

This formula is as general as those from the combina- 
tion of which it has been deduced ; and the remembering of 
it may be facilitated by observing that each member begins 
with a cotangent multiplied by a sine, the first with any 
two sides taken at random, the second with two angles of 
which the former only is opposite to the former of the 
sides already involved ; the last term is the product of the 
cosines of the elements whose sines are already involved. 

23. To find a relation between the three angles and 
any side of a spherical triangle. 

The simplest mode of effecting this is to apply the fun- 
damental formula (l) to the supplemental triangle, which 
pves 

cos a i- cos 6' cos e' + sin V sin t/ eo§ Jt ; 

then, substituting for a', 6', c^ Jt^ their values in terms of 
the sides and angles of the proposed triangle, namely, 

a'-180^-^ 6'-180»-JB, c'-180^-C, ^ « 180^ - a, 

we find for the side a the formula 

cos ^ « — cos B cos C + sin A sin C cos a. 
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from which the corresponding formulae for the sides 6 and c 
may be immediately deduced. The direct method of proof 
in this case woidd be to eliminate 6 and c from the three 
equations of Art. 19* 

24. To prove Napier'*s Analogies. 

We have by the preceding Article 

cos J + cos A cos C >■ sin £ sin C cos a, 

cos B + 008^ cosC« sin^ sinCoosft, 

cosjB + cos^ cosC siuw^cosft sinacosfr 
COS J + COS £ COS C sinjffcosa sinftcosa* 

therefore, comparing the difference of the terms of each ratio 
with the sum of the same terms, 

cos B - cos ^ 1 — cos C sin (a — 6) 
cos fi + cos ^ * 1 + cos C dn (a -f 6) * 

or tan^ (J + B) tan^ i^-B) tan*^C 



sin ^ (g - 6) cos ^ (g - ft) ^ 
sin-| (g -I- ft) coB^ (g + ft) ^* 



mA sing tan ^(J + 2?) tan|> + 6) 

sinS smft ^ tan^(J-JB) Un^(g-ft) 

Multiplying these equations together, and dividing one 
by the other, and extracting the roots, observing that 
^(J - J3) and ^(g - ft) are less than 90^ and of the same 
sign, and consequently by equation (1) tan^ {A + B) and 
cos ^ (g -I- ft) must have the same sign, (and therefore 
•| ( J -f B)^ i (o + ft)} since neither can exceed 180^, are both 
less or both greater than 90^,) we find 

* cos^(g-l-ft) * 

1 r ^ «v sin 4 (g - ft) , ^ 
tan^(J - H) - . I) .; cotA C 

* sin ^ (g + ft) * 

Also, applying these formulae to the polar triangle, -or, 
which is the same thing, replacing Ay B^ C, a, ft, by 
180^ ^ g, 180^ - ft, 180^ - e, ISifi - A, IWf ^ H, we find 



-^■MriM 
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25. These fonnuls, being under the form of analogies 
or proportions, are known under the name of Napier^s Ana- 
logies ; they are useful in the solution of triangles, the two 
former when two sides and the included angle are given, 
the two latter when one ude and the two angles adjacent 
to it are given* 

They may be likewise put into the foUowing shape. 

Since 
1 +cosc» 1 "f cos a co8& + rina8in6(coiP^C — sin'^C) 

- {l + cos(a-6)|coB'^C4-{l +cos(a-i-&)}sin'^C; 
.-. co8*^c-cos>^(a-&)Gos'iC + cos'i(aH-6)sin'^C. 
Similarly, 

sin'^c - sin*^ (a - 6) cos*^ C -I- sin*^ (a + i) sin^^ C. 

Now add unity to the square of each member of the 
two first analogies, and we find 

•^*^^"^^"cos»i(a + 6)sirfiC* 

'^*^''"'*^"sin«i(a + 6)sin»iC* 

or, extracting the roots, since^(J "f JB), ^(a + 6) are both 
greater or both less than 90^, 

cos ^ ( j< + ^ cos ^ e » cos ^ (a -I- 6) sin ^ C, 
cos^(J -jff) sin^c « sin^(a+ft)8b^C; 

and multiplying these respectively by the two first analogies, 

sin-j^ (J + J3) cos^c — cos^ (a — 6) cos-j^ C, 
sin ^ (J - J9) sin^c *- sin ^ (a - h) cos^ C* 

* ThcM four fonniila an lometlmci proTed by labtdtntiiig In Um dcvda|NncBlB 
of coii(il-fBXca«)(il-ir), Ac, the ▼■!«« of cot ) il, tiii { ^ Ac, In toiM 
of tho sidfi^ feoad Mow, Aft. BS. 






» 
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Solvtioii of light-angM triangles. . 

26. When in the triangle ABC (fig. 10.) the angle A is 90^, 
that is, when the plane of the great circle AB is perpendicular to 
the plane of the great circle AC^ the spherical triangle is called 
right-angled, and the side BC » a is called the hypothenuse. 
By a right-angled triangle is usually understood a triangle 
with only one right angle, the two remaining angles bdng 
either acute or obtuse ; for if there should be two right angles 
A and Bf then the sides opposite to them BC and AC would 
be quadrants, and the angle C would equal AB ; or if there 
should be three right angles, then all the sides would be 
quadrants (Art 4.) ; so that it is needless to consider these 
particular cases. As a triangle is in general determined when 
any three parts are given, a right-angled triangle, with one 
exception, is determined when any two parts are given. To 
obtain the formulae necessary for the solution of right-angled 
triangles, we have only to make J « 90^ in the fundamental 
relations which have been investigated for any triangle what- 
ever. These formulae, by means of which when any two parts 
of a right4mgled triangle are given, the remaining three be- 
come known explicitly in terms of the given quantities, are 
embodied with equal elegance and convenience in Napier^s 

I Rules, the enunciation and proof of which are as follows. 

27. The right angle being left out of consideration, the 
two sides including the right angle, and the complements of 
the hypothenuse and of the two other angles, are called cir^ 
eular parts. Any one of these being taken as the middle 
part, the two circular parts which, or their complements, are 

I immediately contiguous to it, or its complement, in position, 

are called the a^acent parts; and the other two parts are 
called the opporiU parts. Then, whatever the middle part 
be, whether a aide, or the complement of the hypothenuse, 

« or of an angle, 

one of the middle part 

» product of the tangents of the adjacent parts ; 
sine of the middle part 

« product of the cosines of the opposite parts. 
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l8t. Let the complement of the hypothemue 90^ -=• a be 
middle part, then 90^ - A, 90^ - C, are the adjacent parts* 
and bf Cj the opposite parts; and the formnls* 

cos J a - cos B cos C + sui ^ sin C cos a* 

cos a B cosfrcosc + rin6 rinccosil, 

since A s go^, and therefore cos J ^Oy sin il « 1, become 

cos a « cot J7 cot C, or sin (90^ -a) « tan (go^-JB) tan (90^-C), 

cosa acosAcose, or sin (90^- a) » cos 6 cose. 

Snd. Let the complement of an angle 90^ — C be 
middle part, then 90^ - a and 6 are the adjacent parts, and 
90'— B and e the opposite parts; and the formuke * 

cota an6 » cot J sin C -I- cos(7 C0S&, 

cos C «- cos ^ cos J? + sin if sin J9 cose, 

become cos C » cot a tan 6, or sin (90^- C) » tan (90^-0) tan i, 

cosCa sin B cose, or sin (90*-C)*oos(90*-J9) cose. 

If 90^ - J3 be taken for middle part, the rules maj be 
proved exactly in the same way. 

8rd. Let either side 6 be middle part, then 90^- C and e 
are the adjacent parts, and 90^- a and S^^-B the oppodte 
parts, and the formulse 

cote sinft >■ cot C sin ^-i- cos J cos A 

sin if sin 6 » sin a sin A, 

become sin 6 » cot C tan e, or sini« tan(90^-C)tane^ 

sin 6 « sin a sin iB, or sin 6 » cos(i90^-a) oos(90^- A). 

If e be taken for middle part, the rules may be proved 
exactly in the same way.' 



28. We are thus furnished with ten relations amongst 
the five parts of a right-angled triangle, each bemg a difPerent 
combination. of three of the parts; but five parts, taken three 
at a time, can be combined only in 10 different ways ; conse* 
quently the above Rules, when any two parts whatever are 
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given, wQl supply us with formulae in which each of the re- 
maining parts is separately combined with those two given 
parts, and in a form, adapted for the immediate application of 
logarithms. 

There can evidently be only six distinct cases, viz. 1 and 2 
when the hypothenuse is given together with an angle, or 
with one of the sides containing the right angle; S and 4 when 
one of the sides containing the right angle is given together 
with the angle isuljacent to it, or with the angle opposite to it ; 
5 and 6 when the two sides containing the right anj;le are 
given, or when the two angles are given. In applying Na- 
pier^s Rules to obtain the three unknown parts from two 
given ones, it is sometimes requisite to take for middle part 
one of the given parts, and sometimes one of those that are 
sought, the sole object being to separately combine each of the 
unknown parts with the given ones. We shall now go through 
the six cases of solving right-angled triangles, first however 
premising the two following observations. 

• S9. The formula cosa^-oosftcosc requires that either 
all three, or only one of the cosines should be positive; there- 
fore die three sides of a right-angled triangle are either all less 
than 90^, or two of them greater than 96*, and the third less. 
The formula sinc«ootJfftan&>-tan6-T* tan B shews that 
tan B and tan b have the same sign, since sin e is always posi* 
tive, c being less than 18(f ; therefore B and ft, since neither 
of them can exceed 18<f , are both greater or both less than go^; 
that is, in right-angled triangles a side and the angle opposite 
to it are either both greater or both less than a right angle; 
this is usually expressed by saying that they are of the same 
affection. 

30. Hence (fig. U) if DC J/ be a great drde perpendicular 
to DJiy^ and CD be less than 90^, CD is the least and CD^ 
the greatest arc that can be intercepted between the point C and 
DADf\ and of the arcs so intercepted the nearer any one is to 
CD, the less it is. For since CD is less than 90^, z CBD 
<9f<CDB^ and therefore CD<CB. Also /,CBD'>9(f 
> CDfB^ and therefore CD^ > CB. And from the equations 

cot ulC « cos JD cos CA coi J9C «■ cos jBD cos CA it it easily 
seen that HC < ^C 
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31. Cask I. Having given the hypothenaie a, aiid 
an angle A, to find b,c^ C. 

Taking successively i, d^^ — B^ and 90^ — a, for middle 
part, we get ' 

sin ft a> nn a sin By cobB « cot a tan c, cos a « cot B cot C; * 

C and e are determined without ambiguity, and ft must be of 
the same affection as A. 

Case II. Having given the hypothenuse a, and a side ft, 
to find €, By C. 

Taking successively 90^ - a, ft, 90^ — O for middle part, we 
get 

cosa« cosftcosc, sinft — sina sin A, cosC« cotatanft. 

By these formulae c and C are determined without ambi- 
guity, for there is only one angle less than 180^ corresponding 
. to a given cosine ; also J7, though determined by its sine, is 
not ambiguous since it must be of the same affSection as ft. 

Casb III. Having given one of the sides contiuning the 
right angle ft, and the angle adjacent to it C, to find a, e, JB. ' 

Taking successively 90^ - C, ft, 90^ - J? for middle part, 
we get 

cos C «■ tan ft cot a, sinft a tanecotC, gos£« cosft sin-C|. 
which determine a, e, B without ambiguity. '' 

Cass IV. Having given one of the sides containing the 
right angle ft, and the angle opposite to it J?, to find a, e, C* 
Taking successively ft, c, 90^- iff, for middle part, we get 

sin ft » sin iff sin a, sine^cot jB tanft, cosjS»8inCcosftui 

Here therie is an ambiguity, all the unknown parts being 
determined by their sines ; and it is easily seen that such ought 
to be the case. For if we produce the two sides BJ^ BC 
(fig. 11.) till they intersect again in ^, we have a second right- 
angled triangle CAB^ in which the side ft and the angle B^m B 
are evidently the same as in the tnanglmJBC; and th< other 
parts of the second triangle are the supplements of the cor* 
responding parts C, a, e of the first triangle. Hence W^ 
may take a either less or greater than 90^, but having mside 
the choice, e will be *given by the relation cos a « cos ft 004^ 
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and %hea C will be of the same affection as e ; and tbui the 
two triangles, which equally solve the problem, will be deter- 
mined. 

There will however be only one triangle if fr » A, having 
two right angles ; and none at all, if sin 6 > sin A, for then the 
value of sin a is impossible. In the latter case, since B and 
b are of the same affection, 6 is greater or less than B^ accord- 
ing as iff is acute or obtuse ; and therefore B and b cannot 
form parts of a right-angled spherical triangle; for if P be 
the pole of AB^ and B of D£, then when B is acute so 
that JBC is the triangle, PC < PE (Art. 30), and therefore 
AC<DEf i.e. b cannot be greater than B; and when B is 
obtuse so that JBC is the triangle, then PC > PH and there- 
fore AC > DE^^ i. e. 6 cannot be less than B. Hence when 
z J? is acute, there is no triangle if b>Bf one if 6 a Jff, and 
two if b<Bi and when z B is obtuse, there is no triangle if 
6< iff, one if 6- J?, and two if 6> B. 



Case V. Having given the two sides containing the right 
angle b and e, to find a^B^ C* 
. Taking successively 90^ - a, c, fr, for middle part, we get 

cosa « cosfr cose, sin e » cot A tan 69 sin 6 » cot C tan c, '- 

which determine a, JS, C, without ambiguity. 

m *  « 

• 

Cass VI. Having g^ven the two oblique angles B and C, 
to find a, 6, e. . > ' 

Taking successively 90^- a, 90^- J7, 90^-C for middle 
part, we get 

cosa«ootAcotC, cmB m cos b sin C, cos C « cose sin J?. 

These formuhe leave op "kimbiguity ; and if the triangle 
is impossible they will shew it. . : 

 • 

Solndon off qvsdnaitsl and isosceles trisni^ 

83. Of other triangles which may be solved as right- 
angled triangles, the principal dass is that called quadranial 
triangles, in which one side, a, is a quadrant Since the polar 
triangle in this cas^ will have one angle jt « 180^ - a « 90^,. apr 
plying Napier*s Rules to it we get 
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a s oolA'cotC' or ^tsmh'cme*^ 
cm(T» oota tanV or sanJB^oose, 
sin e' s cot J^ tan 6' or » sin a' on C^. 

Therefore^ substituting for a\ b\ fcc their ▼allies, we get 

— cos^ »cotfr oote or bcobBoosC, 
-> oosc — oot^ tan A or >- — sinioosC, 
sin C » cot 6 tanB or >- sin il sine; 
or, sin (J-9(0«tan (90^-6) tan (90^-c) or « cos JB cos C» 
sin (90^-c) -tan {J -90^) tan B or « cos (90^-6) cos C, 

sin C«tan (90^-6) tan J9 w « cos (i<-90^) cos (gc^'-c) ; 

which shew that if the complements of the two sides, the com- 
plement of the hypothenusal angle taken nq^tivdj, and the. 
two other angles be taken for the circular parts, that is,! 
90^ - 6, 90^- c, - (90^ - J)f B and C, the quadrantal triangle 
may be at once solved by Napier*s Rules. 



33. If a triangle be isosceles, joining the vertex with the 
middle of the base by the arc of a great circle, we divide' it ' 
into two right-angled triangles equal in all respecU ; if there- 
fore any two parU of an isosceles triangle be given, (counting ' 
however the two equal sides as only one element and the two 
equal angles opposite to them only as one dement,) all the parU 
of the triangle may be determined by the Rules for right* 
angled triangles. • • « 

Also, if in a spherical triangle the sum of any two sides 
a -»> i » 180^, produdng b and e till they intersect again in Jf. 
(fig. 7.) we have 6 + C^' - 186*; .-. CB « A'C\ hence the* 
solution of the triangle ABC is reduced to that of the isosceles 
triangle A'CB. The condition a + 6 " 180* is evidently the 
same as A-^Bmiwfi for since AlC'^CB^ tCA'BmCBA^^A^ 

iheretore A -¥ B ^ CBA' -^ CBA ^ l9ff. 

» 

Solntion of oblique-sng^ trisi^g^ 

34. Oblique-angled triangles,^ in which there must always'^ 
be given three of the six dements 'i(, B, C, qf, fr, S, present dx 
distinct cases, the data in them bdhg as follows' :.i. three 
sides ; 8. two sides and an angle o[)pdsite to one of them ; 



IS 
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3* two sides and the included angle ; 4. two angles and the side 
opposite to one of them; 5. two angles and the side adjacent to 
them both ; 6. three angles. All these cases are readily solved 
bj means of the four fundamental relations expressed by the 
formulae; of Arts. 19 — iS ; but as these formulae require certain 
i| modifications to make them suitable for actual computation by 

means of logarithms, it is necessary to go through each case 
separately. 

36. Cask I. Having given the three sides, to find the 
an^es. 

«r 1^ ^1 >.v A cosa - cosft cose 

We have (Art l6.) cos J « r-r-; » 

sm 6 sm c 

which gives Af the second member being entirely known ; and 
by similar formulae may B and C be determined ; but this 
formula is not suited to logarithmic calculation, a defect in it 
that may be supplied as follows. Fv«t we have 

S sin* ^ J » 1 - cot Jf 

and ^abstituting for cos ^ its value, we get succesnvely. 

• •1 M cosa-cosb cose cos & cose + sin & sine— cos a 

Ssm*4jl-il r-T—; r-r-; 

* smDsmc smosine 

cos (6 — c) -cos a S sin ^ (a+6-e) sin i^(a-&+e) 
sin&sine sinisine 

To simplify this, let half the perimeter of the triangle be 
denoted by «, so that o -i- 6 + c « 2e ; •*• a -i- 6 * e « 8 (• - e), 
a-6-i-c-i8(# — 6); hence substituting, and extracting the 
• root, we find 



1^« ^ «ip(^"*)«P (•-<>) 



sin 6 sine 

With equal facility may similar expressions for ocm\A 
and tan ^ J be found. For 

.. ^ . cosa-cos6cosc cosa-cos(6+c) 

Scod*4^-l-fcos J-14- T-T—. . ^ . ' 

' sm&sinc sin sine 

. g sin ^ (g-f ft4c) sin ^ (6-i-c-a) S sin e sin (#-a) 
sin b sin e sin h sin e * 
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Also tan 1 ^-sin^J -r-cosi^» V — ^ . . ^^ ^ * 

• ***. * sintsin (t— a) 

These formulae determine the angle without ambiguity; 
for unce A is the angle of a spherical triangle, ^ -^ is less than 
90*. The principles which must guide us in selecting a for- 
mula for any particular case, are the same as those explained 
in Plane Trigonometry, Art. 113. * 

36. Taking twice the product of the values of sin ^^ 
and cos-j^jly we find 

sin J » -; — - — : — \/an « sin (t - a) sin (# — 6) sin (# - c); 
. sm b sine ' \ ^ 

which, as it requires seven logarithms, is not an advantageous 
formula for the calculation' of A. It is the form to which the 
expression for sin A in Art. SO may be reduced. * 

37* Cask II. Having given two odes a^ ft, and the 
angle A opposite to one of them, to find e^ B^ C. . 

The angle B opposite to the side ft may' first of all be ob- 
tained from the relation 

. ^ da Adah 
sin jff » = . 



Then C and c may be determined by Napier^s Analogies, 
whidi give 

tBnlC» '^\^^^^}^ coil(A^B)^ 

cos^(a + ft) »^ /* . ^ 

tan 1 e « ^ tan 1 fa 4- ft V. 

' cosi(^-JB)^*^ *'^^. 

38. As the angle B is determined by its ane, it may be 
either greater or less than 90^ ; this case^ consequently, will 
often admit of two solutions ; but for certain values of the 
given elements a, 6, ii there will be only one triangle^ or none 
at all, under the usual restriction of having no side greater 



/sin # sin (« — •) ! 

cos4^« V  . > -• 

* ^ sinftsmc I 
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than 180^. To the examination of these circumstances, analo- 
gous to what happens in the second case of Plane Triangles 
(Art. 105.), we shall afterwards recur. The ambiguity to a 
certain extent may be removed by observing that, as -j^ (a + 6) 
and ^ (A-^B) are of the same affection (Art. 24.), if a+b >1^> 
then A-^B>lS(fi ; if therefore J be less than 90^, B must be 
greater than 90^, and consequently there can be only one 
triangle having the given elements, although there may be 
none ; but if ^ be greater than 90^, then a value of J? either 
greater or less than 90^ will satisfy the condition A-^B> 180^, 
and consequently there may be two triangles having the given 
elements, although there may be none. Again if a -i- 6 < 18(f, 
then A -^ B<lB(f; if therefore A be greater than 90^, B must 
be less than 9(^, and there can be only one solution ; but if A 
be less than 90^, then a value of B either greater or less than 
90^ will satisfy the condition A + B< 180^, and there may be 
two solutions. 

39. We may determine C and c directly from the given 
quantities, without first finding B. From Art. 28, we get 

cotasinftecot^sinC^-oosftcosCscosftfcosC-f-sinC r|. 

V cos6/ 

Let be a subsidiary angle determined by the equation 

^ ootA 

tan « J ; 

^ cosfr 



.*. cot a tan 6  



cos(C-0) ^^ .. tan&cos^ 



or cos (C - 0) 



oos^ * ^~ ^"^ tano 

from which C-^p^ and consequently C, may be obtained. 
Again, we have cos a « cos6cose'|-sin6dneoosjf 

« oosb (cot c + sine tan ftcos ^). 

Let be a subsidiary angle determined by the equation 
tan0« tan&coeJ; 

oos(e-0) cosacostf » 
.•. eosaacoso. ^-— — i , or cos(e-9)« = — • . 

COS0 ^ ' CDS6 

from which c - 0» and consequently c, may be obtained. : . 



^i^mt^atm^m 
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40. With respect to such transfomations as those jiist 

made, and which are of ooostant occurrence in this subject* 

it may be observed that their object in every, case is to 

change into a product a binomial of the form fii sin a + n cos a ; 

this is done by first making one of the quantities m or n a 

factor of the whole expression, so that it becomes ffi(8ina 

It It 

+ — cos a), and then equating ~ to the tangent or cotangent 
lit lit 

of an angle (0), which is always allowable as the tangent and 

cotangent are susceptible of all values; by this substitutioti 

the expression is reduced to > \ 

msin(a -f 0) moos (a — 0) 
COS0 flln^ ' * 

41. It is also worth remarking that the introduction of 
the subsidiary angles and Q amounts to dividing the pro- 
posed triangle into two right-angled triangles. Thus, in the 
present case, if CD » h (fig. IS.) be an arc of a great circle 
drawn from the angle included by the given sides perpen- 
dicular to the opposite side, and if z ACD — and die s^- 
ment AD « 0, then from the right-angled triangles ACD^ 
BCD^ by Napier^s Rules, we get 

cos 6 B cot cot ^, cos J «- cot i tan 0, 

cos(C-0)««tanAcota • — ?.cota, 
^ cot* 

C086 

cosaecosAcos(c-0) « — ^•<»s(c-0), 

 

which are identical with the former results, and involve the 
same ambiguities. 

43. Case III. Having given two sides a» i, and tha 
included angle C, to find A^ B^ e. ^ 

By Napier^s Analogies we have 



t , M nv cosifa-*) , ^ 
 cos^(a + i) * • 

Un |(il - B) - ^r-fi itCoC 4c; 

* sin^(a-i>6) » • 



r"» ^ - _»fc» 
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which determine ^{J-^B) and ^ (^ - B)^ and conaequentlj 
^ and B; and these being known, we obtain e from the 

equation, smc 



sin J 



sin a, observing that the greater side is 



opponte to the greater angle. Or, c may be found by one 
of the formulae of Art 25, and then only two additional 
logarithms will be wanted. 

43. If it be required to determine e independently of 
J and B^ we have 

coses oosacosb-f8inasin6oosC» cos o (cost + sin frtanacosC). 

Let be a subsidiary angle determined by the equation 
tan 9« tanacosC; 



•*• cose 



cos a cos (6 — 0) 
. COS0 



which pyes e without ambiguity. 

Also A may be independendy determined from, the for- 
mula 

^ cotasinft — cosftcosC ^/^ota. , .\ 

cot J- r-^; -cot CI — TLsm6-cos6] , 

sm C \oosC, / ' 

which, introdttdng the same subadiary angle 9, becomes 

^ . cotCsin(&-0) 
cot J- j-^ '. 

sm9 

» 

It is easily seen that these results may be obtained by drop- 
ping the arc Bff perpendicular to AC, and calling the segment 

Cl/'^e. (fig. IS.) 

The side c and the angle B may in a similar manner be 
directly found from the given quantities by dropping a per* 
pendicular from the angle A upon the opposite side. 

44. Case IV. Having given two angles A and jB, with 
the side adjacent to both e^ to find a, &, C. 
By Napier'^s Analogies we have 

1 , tx cosi(-i-.jB) ^ 
tani (a + J) - — fj-- — ^tanle, 

1 ^ »x mllA-B) , 



«7 

* 

which determine ^ (a + 6)« \(fl^ &)» ^uid consequentlj • and 
h ; and these bring known, we have C from the equation 



an C  -; — nn Am 
sma 

observing that the greater side is opposite the greater angle. 

45. If it be required to determine C independentlj a 
a and 6, we have 

cos C« «- cos^cosjB + sin ^ fin A cose 

•>oosu<(-oos£ + sinJff tan A cos e)« 

and determining the subndiary angle by the equatioii 

. _ cosJfin(B-0) 
cot ^ « tan J cos c, we get cos C -* z-^ ^^ . 



Also a may be independently determined from the formula 

cotasinc«Goti<sinjB-i-cosccosjBscosc (cosJ?-i-sinjff ). 

\ cose/ 

which, introducing the same subsidiary ang|Ie ^ beocmies 



46. Cass V. Having given two angles Af B^ and the 
side a opposite to one of them, to find 6, e, C. 

This case, being exactly analogous to the second, is treated 
in the same way, and gives rise to the same ambiguities. 

The side 6 may be first of all obtained from the formula 

sin B 
sin & « -; — ; sin a, and then C and e from the formuhe 
WkA 



cotecos(A-^) 
cot a « ' 

cos^ 

It is easily seen that these results may be obtained by drop- I 

ping the arc BLf perpendicular to AC and calling z ABI/m ^ 
The side b and z C may in a similar way be determined 
directly from the given quantities by dropping the perpendicu- 
lar from the angle A. This case is analogous to die thii 
and gives rise to no 



•i 
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tan 4 C » — fv r( cot \(A ^ J?), 

* cos^(a +6) *^ ' 

47* We may also determine C and c directly from the 
given quantities ; for we have 

cos i< s - cos A cos C + sin J? sin C cosa 

cos B sin (C - ^) 



cos B (- cos C -I- sin C tan B cos a) 



sin^ 



^ being a subsidiary angle determined from the equation, 
cot ^ « tan A cos a. Also 

 

cot a sin c e cot il sin A -f cos e cos B^ 

cot a 
if we determine by the equation cot ^ » >= — -r » becomes 

• . • 

^ , _ . „/ . cota\ cosjBsinfc -0) 

cotjfl sinB^cosS I -cosc + sine ;;ri « 1— ^ — -^-^^ 

\ co%Bl 8in0 

These results may evidently be obtained by dropping the 
arc CD perpendicular on AB^ and calling z BCD « ^, and the 
segment BD « ^ - 

48. Cass VI. Having given the three angles A^ J}, C, 
to find the sides a, &, c 

The formulae of solution in this case are obtained by a' 
process exactly similar to that in Case I. We have 

cosJ-foosAooeC 
cosa-i ; p . >; ; 

• 

. ,^ CM A -^ CM B tone CMA'^QMifi •^■C) 

• • . , •  

gcos^C-^-*-^-*" C)cos^(jB-I-C-uO 
"" "" sin B sin C 



. 4^.«. *• fc t  ■^■^wi^fci— — ^— ^■^^Mfcih^Wfcaj*—— %— »i^teiA»^*r.^A*L- 



» 

Let J -I- A 4 C - « J; .•• B + C - i< - 9{S - il) ; hence 
substituting, and extracting the root. 



sin la- V . p > ^ 

* nn B sin C 



si..i.rt,. ».i.. v-sWES^HS. 



sin Asm C 



^ 1 ^/ -cos^eos(iS-j<) 
tanla* v 77; — .^ ^ - \^ . 



These Talue% which might hare been derived from the for- 
mula of Case I. bj means of the Polar Triangle^ are alwaya 
reaL In the first place S is always greater than 90^ and lem 
than 97(f$ therefore coSi9 is always negative ; also because in 
the supplementary triangley a' <b''^ e\ 

consequently S~J<9^9 and its cosine is positive; and in 
like manner cos ( j^ - B), cos (J" - C)f are positive. 

• • • 

Ambigaoos esses in the tohitiQn of oMiqiis sngM trisni^ 

49. It appears that the only cases in which any doubt 
can arise as to the values of the computed elements, are the 
second and the fifth ; and it becomes necessary to investigate 
the conditions to which the given elements are respectivdy 
subject, when they correspond to two triangles, or to only one, 
or to none at all. 

Let JDjy, DCff^ (fig. 14.) be two great circles at right 
angles to one another, and ACE a circle making an acute angle 
CAD with ADff\ then (Art 50) CD is less than 90^ and is the 
least arc, and Clf is the greatest arc, that can be intercepted 
between C and the circle ADI/\ and of the arcs so intercepted, 
those which are equally inclined to CD or Clf are equal to 
one another, and the nearer any arc is to CD the less it is, and 
the nearer any arc is to CD' the greater it is. Suppose now 
i, CAD « ^, or z CAD*^ if, to be the given angle according as 
it is acute or obtuse, and AC >- h the given adjacent side ; then 
if the given opposite side a be intermediate in magnitude to 
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the perpendiculars CD and Cl/t the small circle described 
with pole C and angular radius a a will always cut JDI/' 
in two points, and determine two admissible triangles having 
the proposed dements J^ by a; except in the cases in which 
one or both of the triangles become inadmissible on account 
of having a side > 180^ or an angle « 180^- A instead of J. 

But if the side a be less than CD, or greater than CJ/, 
the small circle described from C as pole with angular ra- 
dius m Oy will never intersect ADIf^ but fall entirely above 
It in the former case, and below it in the latter; and the 
construction of a triangle with the proposed elements will 
be impossible. This also appears from the formula; for if 
a<CDy then since CD<9^y sina< sin C2>< sin j4 sin&; 
and if a > CLfy then since CI/ > 9^9 sin a < sin CI/ < 
sin ^ sin & ; so (hat in both cases the equation sin J?ssin J sin b 
.-f-sina for determining Sf is impossible* 

Excluding therefore these impossible cases, and always sup- 
posing the circles to cut one another, we shall now examine in 
what cases one or both of the triangles determined by thdr in- 
tersections are inadmissible on account of having a side > 180^^ 
or an angle >■ 180^ — A instead of A. 

SO. Cass I. Let the given angle A be less thab 9(f ; 
and first suppose b less than 90% then AD is less than 90^ 
(Art* 80.) and less than D£. If therefore a be less than 6, 
it is evident that we may place an arc BC •■ a between AC and 
CDf and another CB^ >■ a between EC and CD^ and so con- 
struct two triangles that have the given elements ; but if a >■ 6 
the triangle ABC disappears, and if a>6 the triangle ABC 
has the angle 180^ * J instead of Af so that there only re- 
mains one triangle ACB" with the proposed elements, and that» 
only so long as a < 180® <- 6. Next suppose AC* or 6>90^, 
then if a < 180® - 6 we may place CB •■ CB^ « a on each side 
of the perpendicular CD, and so construct two triangles that 
have the given elements ; but if a » x - 6 the triangle ACB^ 
becomes a lune, and if a > x — b the triangle ACB^ has a 
side > 180^, so that there only remains one triangle ACB 
that satisfies the conditions, and that, only so long as a < ft. 

* The reailer ii requested to supply the letten in tfaU part of the diagrsm. ' 
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Hence we conclude that there are, if 

Ia<b two solutions, 

a->or>fr one solution, 

a -f- 6 >- or > 180^ no solution ; 

a < 180* - 6 two solutions, 

6> 90* a «B or > 180^— b one solution, 

a a or > 6 no solution* 

51. Cask II. Let the given angle be greater than 90^; 
then in exactly the same way, usinjg the triangle ACIff we 
nay shew that there are, if 

|a> 180^ — 6 two solutions, 

a a or < 180* - b one solution, 
a«or<& no solution; 

Ia>b two solutions, 

a « or < 6 one solution, 

a » or < 180* * & no solution* 

52. It is evident that by means of the Polar Triangle the 
discussion of the 5th Case of the solution of oblique-angled 
triangles, in which the data are Af J?, a, may be reduced to 
the above; and we may apply the results just obtained to that 
case, if we change a, b, A into A^ JB, a, and the sign >into <, 
and < into >. In those cases where the givenHdieraents cor- 
respond to only one solution, the calculation will still indicate 
two; but the one to be taken may be always discerned by 
means of the property that the greater side is opposite the 
greater angle. 

Apprazimate solution of sphericsl tnan^^es in oertun esses. 

£3. We shall now give a few instances of the application 
of Spherical Trigonometry to cases which allow the exact fbr^ 
mulse hitherto obtained, to be advantageously replaced by ap- 
proximate ones of much greater simplicity. These instances 
chiefly occur in investigations which have for their object the 
correct representation of a portion of the Earth^s surface which 
is too large in extent to be considered as situated in one plane. 
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«i 54. Let a* /3» 7 be the arcs fomiiDg the sides of a sphe- 

^i rical triangle situated on the surface of the terrestrial globe 

I whose radius suppose r, and let a, 6, c be the circular measures 

'] of the angles which those arcs respectively subtend at the 

j Earth^s center, then a^a-r-r^h^^-i-T^ c»y -r^r. Now 

( although the arcs a, jS, 7 may be several miles in length they 

are so small compared with the Earth's radius, that the angles. 
L «, ft, c are very small, usually considerably below 1^ ; and for 

angles of that magnitude the logarithmic tables do not enable 
us to attain sufficient exactness. It consequently is attended 
I with much less trouble, and with equal accuracy, to reduce 

/: the solution of such triangles as we have described to that of 

I plane triangles, which may be effected by means of the follow- 

ing Proposition. 

i  .  

* 65. If the arcs which form the sides of a spherical tri- 

,' angle be very small relative to the radius of the sphere, then 

each of its angles will exceed the corresponding angle of the 
plane triangle whose sides are of the same length as the arcs 
forming the sides, by one-third of the spherical excess. 

Let Jtf B^9 C he the angles of the plane triangle whose 
sides are a, /3, y; 



, . cosa - cusftcosc 

then cos J « . . , 

sin ft sin e 



a a' 
but cos a s cot -  1 : + 



«f» «.S.4r* 



sin • fin — • - — -—-—a, 
r r a.Sr 

expanding the cosine and sine in terms of the circular measure 
of the angle, and neglecting powers above the fourth; and 
similarly for ft and «; 

;ii(^+y-«*)+5^(«*-^'-y-6^'y) 

.'.eotAm 111  
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g^7 * Mfiyr^ 

« cos ^ - ^- sin* -/. 

Let A ^ A^ -^-0; .•. cos -i « cos ^ - d sin J' ; 

if S denote the area of the plane triangle; hence rince S 
does not alter when A is interchanged with B or with C, 

S S 

56. Hence when three parts of the spherical triangle are 
given, we can always obtain three parts of the plane triangle, 
by means of which all the parts of the spherical triangle be- 
come known. 

Suppose that the three arcs a, )3, 7 are f^ven, then S the 
area of the plane triangle can be found at once, and therefore 

E « nr"; — 7, ; if ^^^^ ^\ 5*, C be computed from g, /3, 7, we 

shall by adding to each one third of E expressed in seconds, 

obtain the values oi A^B^C* 

Next suppose that A^ ^ y are given, then ' S '^ 

S 
^fiy sin A*m ^fiy sin A nearly, therefore E « ^-i — ^ is known ; 

hence in the plane triangle /3, 7, and A*m A ^^Enre known, 
and consequently its remaining parts, and therefore those <rf 
the spherical triangle, are known. If J, a, /3 are given, then 
♦3 
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sm J?^ - ~ = ^- nearly; therefore C' = 180» - -i - 5^ 

* o a 

nearly ; therefore S ^ ^afi sin C', and JB — --;-: — t, .. 

f^ Bin 1 

j If A^ B^ y are given, then S » ^ . — nearly, and 

;, E^-j^. — >,; and if Jf 5, a are given, then C - C - 180^ 

j I " A- B nearly, and we must proceed, as above, with the 

' I elements C, Bf a* 

}| •  ^ 

' 57* To reduce an angle to the horison. 

I 

1 1 Let BAC (fig. 12.) be an angle situated in an inclined 

plane, and having, its vertex in the vertical line AD. Draw 
a horizontal plane meeting the lines AB^ AC^ AD in the 
points E^ Ff Gi then the angle EGF is the horizontal pro- 
jection of z BACy or the Z BAC reduced to the horizon ; 
and it is required to compute ^EGF^ supposing the angles 
BACf BADf CADf determined instrumentally. Describe a 
sphere vrith center A and any radius, and let the planet 
EAF^ FAGj GAE meet its surface in the arcs J?C, CD^ 
DBf forming the spherical triangle BCD; then its three 
sides are known, and the z BDC « EGF is the angle sought, 
and may be computed from the formula 



.;«! j ^/ sin(#-6)sin(t-c) 

sin ^ ^ = \/ , , > » 

* 8in6sinc 

where i^BAC^a^ z.BAD'^h^ iCAD^e^ and «»^(a-ffr+c). 

58. In practice, the angles 6 and c usually differ so little 
from right angles, that an approximate formula will suffice. 

Let 6«^«--A, c»^x-V, then making sin A » A, 

cos A ■» 1 - \h?^ and supposing A »a-^ 0, where is very 

smally we have 

^ cosa- sinAsinA' cosa-AA' 

cos (a -1^ 0) 1 -t — r-77; — -7^ ; 

^ ^ cosAoosA' l-^(A» + A^ 

.\ cosa-9sina«(coso-AA')(1 -t-lA' + ^A'*) 

- cosa + ioosa(A* + A'^) - AA'; 



.' .f ■• 
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Let p 



r. e - (}!• - 



tf) cosec a-(p* + 9*)cota«»p^taii-j^a-9*cot^a. 



59* Given two sides and the included angle of a sphe- 
rical triangle, to find the angle between the chords of those 
sides. . 

Let JBC (fig. 15.) be a spherical triangle, O the center 
of the sphere, AB^ AC^ the chords of the arcs AB^ AC^ and 
a the angle included by them. Let pgr, be a spherical 
triangle described about A as center with any radius; then 

cospqrs cosprcosfr -f sin pr sin ^rcosprf. 
But z prg is the inclination of the planes AOB^ AOCf and 
aZ^, andpr- z£ilO-90^-i^O£-90^-ie, 

.*• cos a a 8in-]^6sin-]^c + cos^6cos^ccof X 

Let a^ A-^ 0^ where is usually very small ; therefore, 
cos a — cos ^ + d sin il ; and the second member is the same as 

sin*^(6 +c)-sin*^(b-c) + {co8*^(6+c) - sin*^(6-c)} oos J. 

Hence, equating these values and reducing, we find 
Q - sin'^ (6 + c) tan \^A - sin* J (6 - c) cot^ j<, nearly. 

60. Given two sides and the included angle of a spherical 
triangle, to find the spherical excess. 

iry <i^^ n^ 1 ^> tan4(i<+jB) + tan4C 
E m tan {^ (^ + A) 4- 1 C} ^ 1 7 J Zv — Vt. 
**^ ^ * * l-Un^(^-l-J?)tan^C 



cos 1 (a -6) - ^ - ^ 

— -•-; ri cot4 C -•- tanl C 

cosl(a-i-b) * * 



cos -^ ( g - b) 
cos ^ (a -I* 6) 



iiim'^^atiM— >«<«< 1^1*1 
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, , ^^ 1 + cos C , ^. I - cos C 

cos ^ (a - 6) — T—^^ + cos^ (a + 6) — ;— ^p- 
* sin C * '^ sin C 

cos^ (a + 6) - co«i (<» - *) ^ 

1 cos ^ a cos ^ 6 + sin ^ a s in ^6 cos C 
sinC* -sin^asin^i 

.*. cot-j^jEJ « cot^acot^ftcpsec C + cot C. 

61. Given three sides of a spherical triangle, to find 
the spherical excess. 

tani£- tan^ {i (-^ + ^) - i i^^ - Q} 

sin^jj + B) - sin^(i8(y - C) 
" cos^(J + i?) + cos^(180» - C) 

^ cos^(a-6)-cos^c cos^C ^. ' 

cos -j^ (a + 6) + cos ^ c sin ^ C ' 

in J (a + c - 6) sin ^ (6 + c - a) / sin « sin {$ - c) 
OS ^ (a + 6 + c) cos ^ (a + 6 - c) sin(«-a) sin(«-6) 

- ^ { tan ^ « t an ^ (« - a) t an ^ (« - 6) tan ^ (t - c) } . 

62. Having ^ven tlie latitudes and longitudes of two 
places on the Earth^s surface, to find their distance. 

Let P be the pole (fig. 90 GQR the equator, J^ £, the two 
places in the meridians PQ, PR ; PG the meridian of Green- 
wich ; then the difference of longitude m GR ~ GQ « QR 
« Z APB - C suppose, and the colatitudes PA « 6, PB m a, 
are known ; so that in the spherical triangle APB there are 
given two sides and the included angle to find the third side 
AS me, which may be done by the formula? (Art. 48.) 

» A • rt cosacos(6-d) 

tan « tan a cos C, co8c« --^ ^; 

OOS0 

then if D be the length of a quadrant of the meridian in 

miles, the distance of the places « D • — • 



sm 
cos 



 TW^r )i ' g»  '^ ^ ' ^ i i <  'V 



PROBLEMS 



1. Ill any triangle, to find the arc AD intercepted be- 
tween a given point 2> in one of the sides, and the opposite 

angl«f (fig- «)• 

cos AD m cos AB cos BD + sin AB sin BD cos jB, 

and substituting for cos B its value in terms of the three bideSy 
we get 

cos AD sin BC - co%AB sin DC -f cm AC sin BD. 



2. On the surface of a sphere to draw a great 
passing through a given point and touching a given cirde. 

Let B be the given point, (fig. 16.), and P the pole of the 
given circle AC ; then if BC be a great circle touching AC^ 
and PC be joined, PCB is a right angle; and therefore 
cobBPC » tan PC eotPBf which determines the point C, 
and consequently the circle BC* 

S. If two arcs of great circles terminated by any drcle, 
cut one another, the products of the tangents of the semi-seg- 
ments are equal to one another. 

Let AB^ CD (fig. 170 be the two arcs which intersect in 
F, P the pole of the circle in which they terminate ; join PCp 
PAy PFy and draw the perpendiculars PH^ PG. Then 

^^ cosPF cosP^ ^„ cobPF cos PC 

cos P6"B « — • COSPH'^ m ; 

cosZ-G cos^G* cosPjy cosCJ? 

cxmCH cm AG cosC^-cosP/r cos J6- cos PG 



cos Pif cosPG cos C/r 4- cos PJ? cos^G + cosPG 
or Un^jtfP.tan^PjB-tan^CP.tan^PD. 

M ww^ . • ^ « siniasinAft . ' - . ^ 

4. To prove that sin ^ £ « — s — | — &- sin C, where E 

cos^ e 

is the spherical excess. 






• 38 

- {co8i(a-6)-co8i(a + 6)} — c^lc (^^^'^^'^ 
SID ^a 810^6 . ^ 

Hence, also, (Art. 60.) 
cos^E^ {co8^acos^6 + sin^a sin^bcosC} sec^e. 

5. If two arcs QBA, Qba^ (fig. 18.), be intersected by 
two others PaJ^ PbB^ in the points J, J7, and a, 6, then 

sinJQ sin^a sinPfr 
sinBQ sin Pa sinAb* 

mnAQ sinJQ sinJa sin A6 
^ sin^Q sin^a'sin Ab'sin^Q 

sin a sinJa sinQ. sin J a sin a- 
*" sinQ'sinjBb' sin 6 sinJSb'sinb 

sin^a sin Pb 
sin Bb * sin Pa ' 

6. If two arcs ABC^ abcy (fig. 18.) be intersected by 
three others which pass through the same point P, in the points 
J, B, C, and a, b, e, then 

sinBb . ._ sin^a . sin Cc 

. ^. . sin AC - . 3^ sin jBC + . „ sm -4lr. 
sin Pb sin Pa fin Pc 

Vft have (p. 149.) 

sin AC. sin PQ - sin AQ sin PC + sin AB sin CQ; 

sinJQ sin Pc sin^a sinPQ sin Pe sin BV 

^^* dnCQ"rii^c*rinPi' riS^" sin Cc sin Pb' 

Hence, eliminating sinPQ and sin JQ from the above 
equation, we get 

sinPb . .^ AviAa . sinCc . 

-r-^-- . sin ilC - ^r-=r »» PC-h . n sin^lP. 
sin Pb sm Pa sinPe 



fc.^'-. .. ■- ,a^— ^_«^-^^ ■■.^. .- , ^ ^i i - -**-T1 i lf a 



.35. i *?t ' 'T- Z, ** *^' l U t l WW 



39 

This may be written 

\UqP6 / VunPa / 

+ [ ^'" - cos PC] sin JB ; but (Prob. l.)f 

cos PB sin ^C » cos P^ . sin BC + cos PC sin AB^ 

sinPJ? . ^^ sinPj< . «^ sin PC . ^„ 

•'• :^ • Mn ^C IT- • 8>n -BC + ;r • «n -^-B- 

tan Pb tan Pa tan Pe 

If P be the pole of AC^ then 

tan Bb . sin AC » tan Ja . sin BC + tan Cc . sin AB^ 

which expresses the relation between the latitudes and longi* 
tudes of three places situated in the same great circle. 

7* The arc passing through the middle points of the 
sides of any triangle upon a given base will meet the base pro* 
duced, in a fixed point, whose distance from the middle point of 
the base is a quadrant. 

«T • y-. V «in-rfQ sinJa sinPe ,^ . 
We have (fig. IS.) -j-^ . ^-^.^-^^ (P„*. 5.). 

• « 

if therefore a and c be the middle points of AP^ CPf this becomes 

sin AQ - sin CQ ; .*. AQ-^CQ'^ 180^ ; and if B be the middle 
point of ACf 

Qil-i(i<Q + CQ)-9«*. 

8. If one side of any triangle upon a given base be 
bisected by a secondary to the great circle which bisects the 
base at right angles, the other side will also be b]8ecte4 by it. 

For if QB « 90^, thra AQ-^ QC^ i80<^, and sin^Q - sin CQ; 

mAa sin Ce 



sin Pa sin Pe 



and if ^a « Pa^ then Ce « Pe. 



9. All triangles upon a given base, and which have the 
middle points of their other two sides in the same great drda, 
are equal in area. (Fig* 19«) 

Let AB be the given base, D its middle point, DK - 90*, 
KFG any circle passing through Z"; then if ACB be a triangle 



"^  TT i Mi mpjti^ ~j jTr-3T~irJ— ~ - '.'■ •- ! - -'-'~~1 — r^'»f^'"^WM><»] i» tJiwii W f *" ! "n I rw I n _lii iiiriiif ni >rT~ ' '' iTTT* — r^ n m  ' -  - - 
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haring one of its sides AC bisected in G, the other will be 
bisected in F (Prob. 8.) ; and if £ be its spherical excess^ 

, „ cotiacotic + cosB ^ i ^ iv 

cot4J5» — ' r-~r — cot A cosec * c, f rom the 

* sin if * 

triangle KBF (Art. 82.)^ since KD « 90°; .*. £ is invariable. 
Also 

cosjr(]r ■■cos^acos^ft -I- sin -j^ a sin ^b cos C a cos-]^ JScos-]^c, 

(Prob. 4.), therefore the distance of the middle points of the 
of all the triangles is the same. 



10. Upon a given base to construct a triangle which shall 
have a given angle at the base, and shall be equal in area to a 
given triangle upon the same base. 

JB (fig. SO.) the given base, and ACS the given triangle, 
GF the arc joining the middle points of its sides. 

Make BAff « the given angle, take CfF^*» GF, and pro- 
duce BF' to meet Aff in C\ then ABC is the triangle required 
(Prob. 9)- 

11. To construct a triangle which shall be equal in area 
to a given triangle, and have an angle in common with it, and 
have one of the sides c6ntaining that angle of a given length. 

ACB the given triangle (fig. 21.) and C the given angle. 
Take CB^ equal to the given side, bisect BB^ in F, and AB in 
G ; produce FG to meet CA in J^, make F'jt m FA, and join 
A'B^ ; then A'CB' is the required triangle. For the triangles 
A^Afff ABB^f are evidently equal to one another. (Prob. 9). 

12. To find the locus of the vertex of a spherical triangle 
of given base and area. 

AB the given base (fig. 19,), D its middle point. Dp • #, 
pC « y the spherical co-ordinates of the vertex of the triangle 
whose area is £, a and fi the areas of the right-angled triangles 
ACpt £Cp, respectivdj ; 

then cot]^a-cot(^e-l-^«)eot|jf, (Art fiO.) 
cot^)3-cot(^e-i«)€ot^y; 



 ! '  -■ n a r  '*£ **; — ^ " •"' ^ « — ' - .--w.- *« 
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- ^ t iin4e . ^ ^^ 

cotla + coti/3 *-r-«>tif» (P- 36);. 

* *'^ cot jr — cot 4^ 

.„ cot^gcot^g-l ^ cot^ccotcc*^y-i>cotJp(coC*^y-l) 
* *cot^a+cot^/S "* Ssin^eool^y 

m cot^e.cotecy ^-cot^ootec-j^ecoty; 
or cot^cvsin^ccot^fsaiiy-cot^r coty, 

the equation to the required locut. But if jf\ y\ be the ocMir- 
dinatet reckoned from D of the pole, and r the angular radiut 
of a circle of the tphere, the equation to itt perimeter it 
evidently 

* cotr «riny^ tiny + coty^ cosy oot(#-4iO, 

which coincides wit6 the above if 

OOt 9 

«^«iO. -tany'«sinlecot4£y #*coslc» 

" * cosy * 

which determine J^ y^» r. The first shews that the center M of 
the locus lies in the secondary Dff to the base through itt 
middle point ; the second that y^ - z JT + 90^ - DJB -|-90^ 
QEF being an arc joining the middle points of the sides AC^ 
BCf (Prob. 9-) ; the third that if JC^ and BC^ be produced 
to meet the circle JDB in A\B^9 then ^,JB^, are pointt in 
the locus; for cos if D'-- cos y^, and. ^l^-Jrc, .•. cosr» 
COB Miy cos J'l/; 

.. r^MJt^MBT. 

13. To find the angular radius of the circle which passes 
through the angular points of a (pven triangle, in terms of itt 
angles, or sides. 

Draw the arcs aO^hO^ (fig. £2.), perpendicular to the sides 
BC^ JC9 through their middle points, and draw Oe perpendi^ 
cular to JB. Join OA^ OB^ 0C\ then O is evidently the 
pole of the circumscribed circle, and c the middle point of AB^ 
Hence zC + 0^J9 -^M + J» + C), or OAB^S'-C; but 
from the right-angled triangle OAe^ cos OAe « cot OA tan A e» 



UnR m 



tan^c 



cos(ar-0 



j. • * 



4S 



Also, pos ( JT - O . coii^ (^ + B) coB^ C + ain |(^ + J?) ain ^ C, 
. ' - . . . ainXCcoaiC coaiacoilbanC 



tan A 



COS ^ e cos 

sin^c 



co8-|acos^b sioC* 

and if for tan 4 c, sinC, we substitute their values (Arts. 48 
and 36), we get tan R expressed in terms of the angles and 
sides respectively. 

14. If O be the pole of the circle circumscribing a triangle 
JBCj then 

cos^^Oiff acos]^acos^6cosC+ sin^asin^6. 

This results from Art. 59, for it is evident that the angle 
between the chords of ^C and BC is half the spherical angle 
AOB. 

16. To find the angular radius of the circle which touches 
the three sides of a given triangle, in terms of the sides, or 
angles, of the triangle. 

Bisect the angles il and £ by the arcs of JOy BOy (fig. ».) 
join COy and from O draw the arcs Ooy Ob^ Oe perpendicular 
to the sides, or sides produced ; then these perpendiculars are 
evidently equal to one another, therefore O is the pole of the 
required circle, and angle C is bisected by OC; also Ac^Ab^ 
Ba^Be and Ca^Cb. Hence, when the circle is inscribed, 
AB + C6 « ^ (a + 6 -hc), or Cb^9 -€% and when the circle 
touches the side c and the two others produced, Cb » « ; but 
from the right-angled triangle C60, sin Cb « tan 06 . cot ^ C; 

therefore, for the inscribed, circle, Un r « sin (# - c) Un ^ C; 
and for the circle which touches the side c, and the two others 
produced, tan r a sin • tan ^ C. 
Also tan r « Jsin ^ (a + 6) cos^ c - cos^ («+*) sin ^c} tan \ C, 

-{cosi(J-JB)-cosi(J + 2»)}-i^^, 

sini^sin^^ j • •! i 

« — 1 — * . sm c ; and similarly, 

GOS^C 

, coslJooslif . 



N 
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and if for tan ^ C, and sin e, we substitute their valuer we get 
tan r and tan r expressed in terms of the sides, and angles, 
respectiyely. 

16. If three arcs be drawn from the angles of a triangle 
through any point P, to meet the opposite sides in jt^ B', C, 
and M be the pole of the circumscribed circle, then 

sinP^' sinPir" sinPCT cosPAf 
aiiTJi' "*" sin Bff "*" sin CC ^ cosil 

Let (fig. S3.) be the center of the sphere, and let the 
radii OP, OM^ 0^, 0A\ meet the plane of the circumscribed 
circle in j>, m, 6, a ; then 1 Omp « 90^, and 

pb Op sin PB^ Op Om sinPg" cosjBJ f sinPJ?' 
Bb" OBm BB'" Om'OB'sinBff * cos P^'sin BJ?"' 

pa pb pe 
'Ji^Bb^ci^ 
jsinPJ' sinPjy sin PC \ cob BM 
^ " U^77 "^ sinZWr ^ sin CC/'cos PM' 

17. To find the angular distance between the poles of 
the inscribed and circumscribed circles. 

Suppose P (fig. 23) to be the pole of the inscribed circle ; 
then from the right^ngled triangle PNff "~ 

sin r « sra PB^ sin JT - . ^^ sm C smu, 

cosD 111 sina + sin6+sinc 



**cosAsinr sinBsinc sinCsina sinJsin6 ilf 

where JIf » sin 6 sin c sin ^ 



.\/l -co^a -cos^&-co^e + Scosacos6cosc, . 

2sin« 4 sin ^a ttn -j^fr sin ^c 
and -•. cotr-— j^j tanJI« j^^ ; 



•••(: 



cosJ \* 
cosA sinr/ 
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-> 1/s^^ "^ sin a 8106 + sin a sine + sinfr sine * cpsacosficose) 

- ^ {« Mn ^(a + fc) cos ^c + 2 cos ^(a - 6)sin ^cj« (p. 149.) 

- 'r^{Ss]n« + 4sin^asin^fr8in^p 

- {cotr + tanAp; 
.-. sin* 2) - sin* (JJ - r) - cos* i? sin* r. 

I If the circle touch the side e and the two others produced, 

I then it will be similarly found that 

sin^D - sin* (Jl + O " cos* J? sin*/. 

18. If three arcs be drawn from the angles of a triangle 
through any point to meet the opposite sides, then the products 
of the sines of the alternate segments of the sides are equal to 
one another. 

Bj Prob. 5. we have, (fig. £5.) 

sinJC" sin eg" sinC'P sin AC sin CA' sin CP ^ 
sin BA " sin AB' sin CP' sin AB " sin 5^' ' sin CP ' 

sin ACf sin ABf . sin C^ 
•  sinjBC " sinCA'.sinJS^* 

Conversely, when the points A\ B^ C in the sides, 
satisfy »this condition, the arcs joining them with the opposite 
angles, intersect one another in the same point. The cases in 
which this condition is fulfilled are exactly the same as for 
plane triangles. If ^', -B', C* be the feet of the perpendiculars, 
the condition is evidently fulfilled, since we have from the 
properties of right-angled triangles, 

cos JC^ cos CBt cobBA' « cos BC cos Aff cos CA\ 
Un AC tan CBt Un BA' « Un BC Un AB tan CJt. 

19. The product of the sines of the semi-diagonals of a 
. quadrilateral inscribed in a circle, is equal to the sum of the 

products of the sines of half the opposite 
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Let the dotted lines (fig. 24.) represent the chords of the 
arcs ; then they all lie in the plane of the circle drcumscribing 
the quadrilateral) and 

AD.BC'^JB.CD^AC.BDi 
.-.sin^^D.sin^AC » sin^JJ?.8in^CJD + sin^JC.sin^Al>. 

It is easily seen that the sums of the two opposite angles of 
the quadrilateral are equal to one another. 

20. If jS* be the number of the solid angles of a polyhe- 
dron, F the number of its faces, E the number of its edges, 
then -y + jP- £ + «. 

From any internal point as a center, suppose a sphere to 
be described with radius 1 ; join the center with each of the 
angular points of the polyhedron, and then join all the points 
where these lines meet the surface of the sphere by arcs of great 
circles ; there will thus be formed as many polygons as there 
are faces. 

If therefore s be the sum of the angles of any one of these 
polygons, and n the number of its sides, (since it may be divi- 
ded into as many triangles as it has sides, having a common 
vertex) its area » « + 2gr — nx; and therefore, adding the areas 
of all the polygons together of which the number is /", 

area of sphere » 4x >■ 2 («) + ^Ftt - irS (n). * 

But 2(3) n sum of all the angles of all the polygons 
a 2ir X number of solid angles » 2x5 ; and 2 (n) «■ number 
of all the sides of all the polygons  twice the number of 
edges a 2 £, because each edge gives an arc common to two 
polygons ; 

.-. 4x-2xiy + 2x/'-2x£, or S-^F^^E^t. 

21. There can be only five regular polyhedrons. 

In the case of a regular polyhedron, every face has the 
same number (n) of sides, and eyery solid angle the same 
number (m) of faces; and the entire number of plane angles in 
all the faces is equally expressed by n/* or mis' or 2£; 

.-. nF^mS^ 21;, and S -^ Fm E + ft; hence 
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.*. — + ->-; but the greatest value both of — and - is - , 



therefore neither — nor - can be so small as - ; therefore 

n 6 



the only admissible values for m and n are 8, 4*9 5 ; and those 
combinations of them must be taken which make S^ F^ and E 
integers. It will be found that if the faces are equilateral 
triangles, or n >■ 3, we may form each solid angle of the pply- 
hedron with 3, 4, or 5 angles of these triangles, and so form 
the tetrahedron, the octahedron, and the icosahedron, or the 
solids of four, eight, and twenty faces, respectively. If the 
faces are squares, or n » 4, we may form each solid angle with 
three plane angles, and so form the cube or hexahedron ; and 
if the faces are pentagons, or n a 5, by uniting three of their 
angles to form a solid angle, we obtain the dodecahedron ; and 
these are all the regular polyhedrons that can exist. 

22. To find the inclination of two adjacent faces of a 
regular polyhedron, and the radii of the inscribed and cir- 
cumscribed spheres. 

Let AB a a (fig. 25.) represent an edge of the polyhedron 
common to two adjacent faces whose centers are C and E\ 
CO «- r the radius of the inscribed, AO » R that of the cir- 
cumscribed sphere ; OD perpendicular to AB. Let the pTanes 
AOC^ CODf AOD^ meet the surface of a sphere whose center 

is Q, in the arcs pg, or, rp\ then j^g^h. — , zp»— , 

* n ^ «m 

and z r «^x; •'. cosp — cosgr.sinf ; but cos gr « cos COD 

cos— . 

-sinCDO-sin^/, if /. zCDiJ; .-. sin^- — ^. 

sin — 
n 

R r w 

Also cospf « cot p . cot g, or — a tan — tan -^ , 

r m n 

and R' »f^ -^ ^oF cosec* - , from which equations R and r may 
be found. 



. 2 .J- - ' • . 
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The arem of each face •> - a^ool — ; 

4 » 



.'. area of surface of poljhedioii s o^cot-, 

and volume « ^ area <if surface x radius of inscribed qphere. 

Also the radius of the sphere to whidi the edges are taiu 

gents OD «■ y/R* — \a^i and that to which one face and the m 
adjacent ones produced, are tangents, 

- CDcot^/-^acot- cot^/. 

23. To find the yolume of a parallelopiped in terms of its 
edges and their inclinations to one another. 

Let the edges he SA^a^ SB'* 6, SC^ e, (fig. 270f u^i 
the angles which they make with one another BSC « a, 
ASC - /S, A SB « 7 ; drop the perpendicular CO from C 
on the plane ASB^ and let arc FG be the intersection of the 
plane CSO with the surface of a sphere whose center is S^ 
and DEf EF^ FD^ the intersections of the faces of the paral« 
lelopiped with the same sphere. Then volume of parallelopiped 
- area of base AB x altitude CO *■ afr sin 7 x e sin FG 



'^ahe sin 7. x sin a sin £, from the right-angled triangle FEG^ 
m abey/l - oos'a-cos'^/S- coiP7 -l-Soosacos/ioos7. 

24. To find the diagonal of a parallelopiped in terms of 
its edges, and their inclinations to one another. 

Let FH be the intersection of the plane SPT with the 
sphere whote center is S; then 

S1^^SF^^PT^-¥iSP . PT eo% FH 

SP 
■a'-f 6'+8a6co87'»-c*+S^- ■-. — {cosa.sinlTD+cos/SsinjErE} 

■ia*-h6^+c'+8a6cos7+2c|bcosa-i-acos/3(, (Prob. 1.) 

• 

25. Given the rix edges of any tetrahedron, to find its 
volume. 

Let SABC (fig. S7.) be the tetrahedron; then it will 
evidently be one-third of the prism whose base is ASB and 
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height COt and consequently one-sixth of the parallelopiped 
whose edges are SA^ SB^ SC^ and therefore its volume 

^\ahe^/\ -cos'a-cos'/S -co9^7 + 8cosacospoosY; 

but if AB^Cy AC^b\ BC'»a\ then 2abcoByma* + V ^e\ 
2ae cos /3 « a* + 11^ - fr\ 260 cos a « A* + c* -* a'* ; and these 
values of the cosines may be substituted. 

26. To find the radii r and JB of the inscribed and cir- 
cumscribed spheres of any tetrahedron. 

First we have ^r x area of surface » volume. 

Also the center of the circumscribed sphere will evidently be 
the intersection of two lines at right angles to two faces, 
passing through the centers of their circumscribed circles. 
Let EOF (fig. 28.) be a plane bisecting the edge SC at right 
angles, and therefore containing the perpendiculars JEJO, FOf 
to the faces ACS9 BSC^ through the centers of the drdes 
which circumscribe them, and consequently O the center of 
the circumscribed sphere. Then 

\siXkDI 

^SL^'i'-7K^{EL^ + DF^''tED.DFcoBD); 
sin'D 

««. 1 w,»^ a-ccos/3 __ 6-ccosa 
where^D-ie, UD.—-^. DF~^^^. 

smasinp 

Or, if the length of an edge, the inclination of the faces which 
intersect in it, and the angles which it subtends at the other 
verdces of the tetrahedron be given, then 

SO^ - SJD^ + --r^ {coi^A + cot'B - S cot ^4 cot £ cosD). 

27. To determine the arc which joins the vertices of two 
given triangles upon the same base. 

Suppose the base bisected in O (fig. 80.); then (Prob. 1.) 
Scos^ccosCO«iCosa-i-cos&; and if p be the perpendicular 
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from C on ABy sine dn p » sin a sin 6 sin C; and similarly £or 
the triangle ACB. Hence 

6o8 CC = cos CO cos CO + sin CO sin COco^{AOC -A OC) 

but 
sin CO sin -j^ e cos ^OC e cos ft - cos ^ e cos CO a -j^ (oos6 —cosa)y 

sin CO sin ilOC « sin p ; 
.*. sin* c cos CC^s (cos a -I- cos ft) (cos a' + cos 6') nn'-|>e 

+ (cos ft - cos o) 
X (cosft' — cosa')cos''|c + sinadnftsin Csina'sinft'sinC; 

which will contain only the sides, if for sin C, sin C', their 
values be substituted. This is the Problem of finding the 
latitude from two altitudes of the Sun and the Ume between. 
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28. If M. be the pole of the cirde circumscribing an 
equilateral triangle ABC^ and P any point on the sphere, then, 
(fig. 23.) oosPil +oosPi{-|-cos/'C-- 3cosJIcosPif. 

cos PA » cos iZ cos 2> + sin it sin Z> cos AMP^ 

co6PJ?»cosiIcos2>-|-siniZ sin 2> cos (180^ - AMP), 

cosPC « cosit cos D + sin J{ sin D cos (idO^ -i- AifP); 

.*. cos PJ + cos PB + cos PC a 5 cos jR cos D. 

99. If in a spherical triangle the* angle C and the oppo- 
site side c remain constant, to find the relations between 
the corresponding small variations of any two of the other 
parts. 

iPirst for ia and ib the variations of the sides a and &. 
Writing down, in this and all similar cases, the formula in-^ 
volving the constant dements, and the two whose variations 
are to be compared, we have 

cos c « cos a cos ft -i- sin a sin 6 cos C, 

.*. cose m cos {a'\-ia) cos (ft-f 2&)+sin (a+Sa)sin (ft-f dft)cos C; 

or since ia is very small, and therefore sin ia « jo, cos ia « 1, 
and the same for jft, 

cose « (cosa - sin aid) (cosft - sin ft^ft) -f (sin a -f cos aia) 

X (sin ft + cos ftjft) cos C; 
♦4 
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lienoe, subtracting, and neglecting terms involving iaib^ 

« &i(sinaco8&-cosa8in&cos C) 4- j& (sin&cosa— cosfrsinacos C), 

or, dividing by sin a sin 6, we get (Art. SS.), 

oil ob m. a. 

O— ^. — cotjBsinC + -r*-7COt^sinC; .\ Sa cosB-^Sb cosA ^0. 
sin a sin6 

Hence from the polar triangle, if j ^, SB be the variations 
of the angles, whilst C and e remain unchanged, 

j^ cos 6 + j J9 cos a — 0. 
The above result may be also obtained geometrically as follows. 

Let JCB (fig. 26.) be the triangle, and Ca^ Cb^ the altered 
values of the sides, so that ab « AB; draw the arcs aa^ BQ 
perpendicular to JO, 60, then a/3 « Ba nearly, and therefore 
ila«6)3, or, since the triangles Aaa^ Bbfi may be regarded 
as plane triangles^ 

AqcobA * £frcos6, or SacosJ? + ibcosA a o, nearly. 

To compare the variations of A and a, or of J and 6, we 
must proceed in the same way with the equations 

sin jl sin c « sin C sin a, 

cot C sin j| m cot c sin 6 * cos A cos b ; 

and we shall find 

cot AiA a cot aia^ cos BiA » - cot a sin Aib. 

30. To compare the corresponding small variations of 
any two of the other parts of a triangle, supposing two angles 
Bf Cf or two sides 6, c, to remain constant. 

First, suppose B and C ^o remain constant ; then proceed- 
ing as above with the equations 

cosJa-cosBcosC-fsinjBsinCcosa, 
sin fr sin C « sin sin Jff 

oosjB« -cosjIcosC-i- sin^sinCcoti, 
cot A sin C « cot 6 sin a - cot C cosa. 
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we find 

ji< a sin b ain Cda, cot 62b » cot clc^ AvkAih^ cot cS A^ 

%\n Aih ^ fAu B cos eia. 

Hence by the Polar Triangle, supposing the two sides 
b and e to remain constant, we have 

ta « sin B sin c j^, cot BlB » cot C JC, 
sin aiB a - cot Cla^ sin a jB «- - sin b cos CiA. 

31. To compare the corresponding small variations of 
any two of the other parts of a triangle^ supposing an angle 
and a side adjacent to it, J, c, to remain constant. 

ja a cos C2b, tan aJC «- tan Cjo, 2C--cosa2J7, 

sin aiB « sin Cih^ tan alC a — sin Cih^ 

tmalBm tan Cja. 

32. From any formula in Spherical Trigonometry in- 
volving the parts of a triangle, one of them being a side, to 
deduce the corresponding formula in Plane Trigonometry. 

Since the quantities involved are the angles of indinatioD 
of the faces and edges of a solid angle expressed by their cir- 
cular measures, if we suppose a, /3, 7 to be the len^^s of the 
arcs in which the planes of the faces cut the surface of a 
sphere described from the vertex of the solid angle with any 
radius r, we shall have a « ar^ ft « br, y a er ; and if we 
substitute for a, b, c, these values in the proposed formula, and 

then suppose r to be very large so that -, ^, -^, become 

very small, and therefore sin - , cos - , &c. may be replaced 

by one or two terms of their expansions, we obtain a nearlj 
exact relation between the lengths of the arcs upon a sphere 
whose radius is r, and the angles of inclination of the planes in 
which the arcs lie; and if we now make r infinite, we obtain 
an exact relation between the sides and angles of a plane 
triangle. Thiis, as at Art. 55^ we have 
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a /3 7 

cos — cos — cos-^ 

, co8a-cos6co8e r r r 

COM Am 

y 

sin — Bin -^ 
r r 



sin 6 sin c . )3 . 



(-i^i^-(-i?)(>-i^^) 



r r 

" ^fe + g4^ y« »«^^y» supposing r very large; 

•*• making r infinite, we get for a plane triangle whose si 
are a, /3| 7, 

COS-i «^- 7: . 
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